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1 Introduction

At least since Hayek (1935, 1945), economists have evaluated institutions by their abil-
ity to incorporate and communicate information. According to this framing, markets are
a desirable institution because they achieve an efficient allocation of resources through
decentralized decision making where each decision-maker only needs to be told market
prices; markets achieve an efficient allocation without requiring the explicit communica-
tion of any other information that is dispersed throughout the economy. To use the exam-
ple in Hayek (1945, p. 526), when the price of tin increases, "All that the users of tin need
to know is that some of the tin they used to consume is now more profitably employed
elsewhere." Knowing whether this was a supply or demand shock would be redundant
information, as far as the tin user is concerned. In a competitive market, decision-makers
only need to consider minimal information for their decision problems and still competi-
tion achieves an efficient allocation.

Studies such as Mount and Reiter (1974), Hurwicz (1977a, 1977b, 1977¢), Jordan (1982),
and Chander (1983) developed a formal concept of informational efficiency. In classical
convex economies, Mount and Reiter (1974) showed that the competitive equilibrium is
informationally efficient in the sense that competitive prices communicate the minimum
amount of information necessary to implement a Pareto efficient allocation in an envi-
ronment where information is dispersed.! Jordan (1982) proved that competitive prices
are the unique decentralized mechanism that achieves this informational efficiency and
satisfies the individual rationality constraint that the utility in participating in the mech-
anism is at least as high as their initial endowment.? These results were extended to
convex economies with public goods and externalities (Sato 1981; Tian 2004). More re-
cently, Nisan and Segal (2006) extended this literature to non-convex economies and the
analysis of the allocation for indivisible goods.

While these informational efficiency results are important, the competitive mechanism
is not without its critics for other reasons. Particularly, the standard concept of competi-
tive equilibrium lacks strategic foundations (e.g. Gale 2000). Decision-makers take prices

as given and the price is determined by the underlying market data through an exoge-

1. By dispersed, we mean that each individual has information regarding her own endowments, prefer-
ences, or technology.

2. Further illustrating the informational power of competitive equilibrium, even when types are private
information, Hammond (1979) has shown in an economy with a continuum of agents that an incentive-
compatible mechanism that implements a Pareto optimal allocation must give rise to the same net trades
as the competitive equilibrium mechanism.



nously imposed market-clearing condition. The strategic process that determines market
prices is not modeled; only the quantities are determined by the decentralized choices
of decision-makers while the prices are determined by the "Walrasian auctioneer” or "the
economist” who solves the model by equating the quantity supplied with the quantity de-
manded. Without any way to measure the information required to reach the competitive
allocation through a fully decentralized strategic procedure, it is unclear how seriously
economists should take these informational efficiency results; the results are about the
informational efficiency of prices in a model where prices are not modeled.

While there are different strategic foundations for competitive equilibrium, we show
that a main one in the literature—search and bargaining—is unattractive from an in-
formational efficiency perspective. Even as search frictions approach zero so that the
mechanism is approximately competitive and therefore approximately efficient from an
allocative perspective, search is incredibly inefficient from an informational perspective.
Formally, we prove that for large economies the search allocation mechanism requires in-
finitely more information than the competitive mechanism. The reason is that in a search
economy, each buyer needs to know about the price he or she would trade with each
seller, which requires a different message. If there are k buyers and k sellers who trade
one good, the message space must include k? prices. Due to the informational costs, and
not just shoe-leather costs, search may be too costly in large economies.’

Therefore, we introduce a new strategic foundation for a competitive equilibrium that
does two things. First, it is realistic in that it qualitatively replicates several empirical
observations, such as the existence and form of price dispersion. Second, it requires lit-
tle information compared to the search mechanism, although more than the competitive
equilibrium.

To enable agents to economize on information they have to take prices as given. Fol-
lowing the intermediation models of Spulber (1996a, 1996b), and Rust and Hall (2003), we
introduce a model of market-makers who intermediate trade between buyers and sellers
in a model of dynamic price formation. We show that a model of exchange based on in-
termediators can approximate the informational efficiency properties of the competitive
equilibrium while endogenizing the equilibrium prices as strategic choices of decision-
makers. We view the empirical observations that are replicated and the relative infor-

mational efficiency as two complementary arguments in favor of the plausibility of our

3. Information costs and other search costs are just transaction costs. As Coase (1937) highlighted, with
transaction costs, markets may not be an efficient institution.



model.

Informational efficiency of competitive equilibrium can be recovered through an "in-
tellectual division of labor" between the consumers in the economy who "outsource" the
price formation process to the market-makers. After all, setting prices can be costly.* The
market-makers make profits by extracting part of the surplus of the gains from trade.
These market-makers can be thought of as arbitrageurs who can buy low and sell high,
exploiting opportunities that other actors are unaware of.> As frictions decrease, arbi-
trage opportunities disappear. The competitive limit is when all arbitrage opportunities
are eliminated.®

A market-maker model allows us to study the informational efficiency of "platforms”,
which are just another term for market-makers (Spulber 2019), and their growing role
within the modern economy. Our results suggest that the presence of platforms with
large market-shares, such as bitcoin exchanges, Amazon, and Uber, might economize on
information (in addition to any other frictions they reduce), compared to industries with
many agents on both sides of the market.

We then extend the general market-maker model to a dynamic setting where there is
a monopoly market-maker. Other potential market-makers can pay a fixed cost to en-
ter. In equilibrium, the monopoly incumbent will deter entry and set all prices, much
like the Walrasian auctioneer. Unlike the auctioneer, the market maker is strategic and
prices are endogenous. The downside is that with positive frictions there are different bid
and ask prices for the good, instead of the single price from the auctioneer. That means
that to implement this allocation requires one more message per person than the unique
informationally minimum competitive market. However, it only requires one more mes-
sage, making an economy with a monopoly market-maker second-best to the competitive
market.

The main contribution of this study is to show that the degree of informational effi-
ciency of the allocation mechanism that is implicit in the model or proposal should also
be a characteristic to be taken into consideration when judging the model or the proposal.

4. Spulber (1996b) puts price setting as the first role of market-makers, above other roles like searching
or monitoring.

5. Rubinstein and Wolinsky (1987), Duffie, Garleanu, and Pedersen (2005), Nosal, Wong, and Wright
(2019) are other examples of models that feature middlemen or market-makers that intermediate trade.
Also, there is a literature following Kirzner (1973) which would call these market-makers "entrepreneurs”
that are "alert" to profit opportunities that exist in the market at a point in time.

6. The connection between no-arbitrage and competitive equilibrium is well understood in the case of
product markets (e.g. Makowski and Ostroy 1998) and financial markets (e.g. Werner 1987).



In the specific case of models that explain price formation should also explain how the
message space of the allocation mechanism that is implicit in the model approximates the
main feature of competitive mechanism: that agents can take terms of trade as a given

without the need to "think" about how they are determined.

Strategic Foundations of Competitive Equilibrium

There is a large literature on strategic foundations for competitive equilibrium which jus-
tifies the assumption that markets can be described by the model of competitive equilib-
rium by showing that under a variety of different conditions that the strategic equilib-
rium of decentralized economies (modeled as the core of a cooperative game or match-
ing and bargaining games) does generate the same allocation as the competitive equilib-
rium.Search and bargaining games can explain several deviations of competitive condi-
tions verified empirically—such as price dispersion is generated as an equilibrium out-
come in models such as Mortensen and Wright (2002)— while including the competitive
equilibrium as a special case when frictions of trading are zero. However, unlike with
competitive markets, this literature has assumed that decision-makers have complete in-
formation regarding market conditions.

More recent papers have incorporated slightly less than complete information, such
as asymmetric information regarding private valuations (Satterthwaite and Shneyerov
2007, 2008) and imperfect information regarding aggregate market conditions (Lauer-
mann, Merzyn, and Virdg 2018) can be shown to be consistent with decentralized random
matching games that attain competitive equilibrium allocations. However, these studies
assume that decision-makers have full awareness of the data of the economy: there exists
only uncertainty regarding the "quality" of the information (that is, the values of individ-
ual parameters of the economy which are private valuations in the case of Satterthwaite
and Shneyerov (2007, 2008) and whether the supply of a good is greater than demand,
so the competitive equilibrium price is 0 or 1 (Lauermann, Merzyn, and Virdg 2018)) but
there are no constraints on the "quantity" of information regarding the economy that can
be utilized by each decision-maker.

In contrast to the (almost) complete information in search models, the literature on
informational efficiency argues that in a competitive equilibrium individual decision-
makers only need to be aware of the minimum amount of parameters regarding the state
of the market to achieve an efficient allocation. The decision-makers can be simply com-

pletely unaware of the rest of the economy besides market prices. By unawareness, we

5



"o

mean that not "generally taking into account", "being present in mind" (Modica and Rus-
tichini 1999, p. 274), "thinking about" (Dekel, Lipman, and Rustichini 1998) or "paying
attention to" (Schipper 2014)). Despite claims that efficient competitive markets require
complete information”, even when agents are unaware of most of the economy, competi-
tive markets achieve the same allocation as a central planner in possession of all the data
in the economy who is maximizing a social welfare function. As classic studies like Smith
(1982) show in the lab, with proper trading rules, competitive outcomes emerge even with
"strict privacy wherein each buyer in a market knows only his/her own valuation of units
of a commodity, and each seller knows only his/her own cost of the units that might
be sold."Unfortunately, on the theory side, the process by which a competitive market
achieves equilibrium, specifically how prices emerge, is notoriously not modeled.

This is where the specific strategic foundations of competitive equilibrium have an
advantage; they do model price formation. But do these strategic models still retain the
informational efficiency of competitive markets? This paper shows that it depends. If
the allocation corresponding to a competitive equilibrium is reached through a distinct
mechanism, then this informational efficiency property may not hold. Specifically, we
show that in the case of the typical random search model the implied allocation mecha-
nism is infinitely less informationally efficient than the competitive mechanism.

In contrast, we show that an economy with a small number of market-makers (possi-
bly just one) who facilitate trade between buyers and sellers can require little information.
In particular, this mechanism has a message space that has one additional dimension over
the competitive mechanism for each good in the economy besides the numeraire good.
This extra-dimension represents the profit margin between the bid and ask price that the
strategic market-maker obtains from setting prices.

As stated above, another benefit of introducing decentralized price formation is em-
pirical: most markets exhibit features that differ from the idealized features of competi-
tive equilibrium. For example, there is substantial price dispersion for individual goods
instead of a single price (Sorensen 2000; Kaplan et al. 2019). Individual plants face plant-
specific demand instead of taking market prices as given, and this plant-specific demand
depends on the history of plant activity and grows over time (Foster, Haltiwanger, and
Syverson 2016). Both of these features can be replicated by the market-maker model pre-
sented here. Informational efficiency and the empirical reality are both reasons to further

study models with market-makers.
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The rest of the paper is as follows: Section 2 lays out the abstract environment within
which we will be considering the specific mechanisms. Section 3 explains the baseline
competitive mechanism. Section 4 lays out the search mechanism and proves our result
on informational inefficiency. We then construct our market-maker in Section 5. Section
6 then develops a dynamic model with a monopoly market-maker. Section 7 concludes.
All proofs are in the Appendix.

2 Physical Environment

Following previous research on informational efficiency, we start at an abstract level. Con-
sider a class of environments E where there are two goods: an indivisible good and a
divisible numeraire good. There is a continuum of agents, indexed by i, with measure
normalized to 1. Each agent’s type specifies whether she is a buyer or seller and a num-
ber. If she is a buyer, the number specifies her valuation of the indivisible good in terms of
the numeraire, and if she is a seller, the number specifies the cost to produce the indivisi-
ble goods in terms of the numeraire. Let E! C {Buyer, Seller} x R be the set of possible
types for consumer i. While we work with the continuum for mathematical simplicity, we
will interpret the number of agents as the number of different types. We will consider dif-
ferent cases where the sets of values are finite and infinite. A specific environment is a
realization of e € E, where e = (ei)ie[o,l]-

Let Y be the set of net-trades which satisfy feasibility conditions: y;(i) € {—1,0,1},
(i) € R, fol y1(i) = 0,8 and fol y2(i) = 0. The last two conditions mean that net trades
of both the indivisible and numeraire good must add up to 0. Formally, we can define the
set of feasible allocations as

v={y: 01~ (101} xR [ n()we)di= 00},

To formalize the notion of the informational size, we need to define messages. The
set M is an abstract message space. The non-empty valued correspondence y : E = M
specifies the messages for each environment. Finally, the outcome function g : M — Y
maps messages to trades/allocations.

Putting this together, we can define an allocation mechanism, which is the object of

8. That is, the agent buys one unit of the indivisible good, sells a unit, or does not change his or her
endowment.



interest.
Definition 1. An allocation mechanism is a triple (u, M, g).

We are interested in informationally decentralized allocation mechanisms, which are

mechanisms that feature a message process (¢, M) that is privacy-preserving.

Definition 2. A message process (y, M) is privacy-preserving if there exists a correspon-
dence u' : E' = M for each i such that for each e € E p(e) = ﬂie[o,l],ui(ei).

Because we will be focused on privacy-preserving mechanisms that do not depend
on an agent’s index, we can simplify the description of the environment by rearranging
agents into two connected sets. First, let s € [0, 1] denote the measure of sellers. Then we
can denote the set of sellers S = [0, s] and the set of buyers by B = (s, 1]). Finally, we can
simplify the descriptions of valuations and costs cumulative distribution functions F and
G for buyers and sellers. In general, F and G will not be continuous or strictly increasing.
To allow the possibility for mutually beneficial trade, we will assume that the maximum

value is greater than the minimum cost.

Approximating a Continuous Environment

While we always work with a continuum of agents, even when there are finite types, we
will also want to consider a limit case where there are a continuum of types. We will call
an environment continuous if F and G are continuous and strictly increasing over some
interval: [v,7] C R44,[c,¢] C Ryy. To allow for the possibility of beneficial trade, we
will assume 7 > c.

With a continuum of types, the allocation y € Y is an infinite-dimensional object.
However, the argument of the size of information messages in papers like Hurwicz (1977b)
and Jordan (1982) are finite-dimensional manifolds. To make a direct comparison, we
study sequences of environments with finitely many types of buyers and sellers and as
the number of types grows to infinity, the distributions of types approximate a continuous
distribution of buyers F and sellers G.

Let {ex}x>» be a sequence of environments where buyers and seller types are dis-
tributed according to {Fy, Gk }x>2, sequences of step-functions. A pair (F, Gi) that repre-
sent the cumulative distributions of types of buyers and sellers, respectively, in an envi-
ronment ¢, with k types of buyers and k types of sellers, each type of measure 1/k (that

is, the sets of buyers and sellers are partitioned into subsets of the same measure whose
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elements are all identical). The pair of sequences { Fy, G}, converges to F and G, respec-

tively. We call an environment with k types of buyers and sellers a k-environment.

3 Competitive Mechanism

First, consider an environment where F and G are continuous. Let M. = {(p,y) €
Ryt xY : py1(i) + y2(i) = 0,Vi}. For an environment e € E, each i € S U B define
the correspondence 1. : E = M, by

(1,—p) ifi€e Bandv' >p
ui(e) =< (py) € Me:y(i) =< (0,0) ificBando' <poricSandc >p g,
(-1,p) ifi€Sandc <p

that is, a buyer purchases the good for p if his valuation is higher and a seller sells the

good for p is her cost is lower. Define the messages for the competitive environment as

pc(e) = ﬂie[o,l]ﬂé(ei)r

which is privacy-preserving by construction. Then (i, M,) is the competitive message
process and (pc, M, g¢) is the competitive allocation mechanism, where g. : M, — Y is
the outcome function given by g.(p,y) = y.

Remark 1. Note that to satisfy feasibility a competitive equilibrium price p* satisfies
sG(p*) = b[1 — F(p*)]. If G and F are continuous and strictly increasing the competi-
tive equilibrium price, p* is unique. This result is standard and is shown in Appendix
Subsection A.1.

Now consider a k-environment, which by definition is not continuous and his fi-
nite types. The allocation mechanisms can be written in terms of those types. Let b &
{1,...,k} index buyer types and v € {1,...,k} seller types, let x(b) be the valuation of a
buyer of type b and y(v) be the cost of a seller of type v.

Let yB(b) = (yB(b)1,y®(b)2) be the net trades for a buyer of type b in the competitive
equilibrium and y°(v) = (y°(v)1,y¥°(v)2) the net trades for a seller of type v. A profile of
net trades specifies a net trade for each of the 2k-types of traders: y = ((y2(b))5_,, (v°(v))*

The set of net trades is then

v=1

).



k k
i = {y (~LO1) xR )X : Y yP(b) + Y. y(0) = (o,o>}.
b=1 v=1
as there are k types of buyers and k types of sellers.
The competitive message space in the k-environment specifies a price of p and allo-
cation y where y € Y{. Let ( uk, Mk, ¢k be the k-environment versions of the competitive

allocation mechanisms, where
Mt = {(p,y) € Ryy X Y{ : pyy (i) + y4(i) =0,Vj € {B,S},Vi € {1,...,k}}.

and pf is the finite analogue of ., which maps EF into M¥, and ¢ is the projection from
MF to Y*. In addition F, Gy are such that p* is consistent with competitive equilibrium in
economy é.

In the competitive mechanism of the k-economy, the message space includes only one
price (as the price of the numeraire good is normalized to 1) and 2k types of buyers and
sellers. However, market-clearing implies that if 2k — 1 types trade then the net-trades for
the last type are implied, therefore we have the following result.

Lemma 1. The message space of the competitive mechanism MY is a 2k-dimensional manifold.
Proof. See Appendix Subsection A.2 |

We know from Jordan (1982) that the competitive mechanism is the unique informa-
tionally efficient mechanism. While we do not reprove that here, the competitive mech-
anism will serve as a benchmark. All other message space will be compared to this 2k

amount.

4 The Informational Inefficiency of the Search Mechanism

4.1 Environment

To compare a search mechanism, which is dynamic, to the competitive mechanism, which
is static, we will focus on the steady-state of the search environment. The idea is that the
competitive mechanism is meant to capture a limit of some decentralized process, such
as search and bargaining. To keep the model standard, we take a baseline model due
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to Mortensen and Wright (2002). There is an entry rate of potential s > 0 sellers and
b = 1—5s > 0 buyers. Given stocks of B buyers and S sellers currently in the market,
buyers and sellers meet at the rate M(B,S). Let the buyer/seller ratio 8 = B/S be the
market tightness parameter, and m(6) = M(B, S)/S, be the rate a seller meets buyers and
m(6)/6 be the rate a buyer meets sellers. There are discount rates and search costs for
buyers and sellers, respectively given by (r,cp, cs) € R3.

When buyers and sellers meet if there is a positive surplus in trading they trade at
terms determined by the generalized Nash solution over the joint surplus. Sellers” bar-
gaining power is given by the parameter f € (0,1) (buyers’ bargaining power is then
1—p).

For this search environment to be directly comparable to the competitive mechanism
the flows of buyers and sellers exiting the market should be equal to the flows entering
which are s and b, so that the corresponding net trades in the competitive equilibrium
have an analogous implementation in this environment. The search equilibrium where
the rate of entry of new buyers and sellers in the market is the same as the exit rate is
called a steady-state search equilibrium. Define a pair of marginal types of buyers and
sellers (Rp, Rs), where a buyer with valuation x only enters the market if x > R;, and the
seller with cost y only enters if y < R;. In steady-state search equilibrium the distribution
of types participating in the market is stationary which implies that: (1) The measure of
entering sellers and buyers must be the same and therefore the pair of marginal valuations
(Ry, Rs) satisfies the condition sG(Rs) = b[1 — F(R})]. (2) The distribution of participating
types is constant.

As described in Mortensen and Wright (2002), these parameters determine the steady-
state search equilibrium which is characterized by (V, Vs, Ry, Rs, @,T'), the value func-
tions (Vj, Vs), cutoff valuations, and costs to participate in the market (Rp, Rs), and the
distributions of participating types (®,T') of buyers and sellers, respectively. Transaction

prices between buyer with valuation x and seller with cost y satisfy

p(x,y) =y + Vs(y) + Blx —y — Vip(x) — Vs(y)]- (1)

Mortensen and Wright (2002) show that if search costs ¢y, cs are strictly positive and r
is lower than some threshold # > 0 then all meetings result in trade. This implies that
steady-state equilibrium distribution of operating types (®,T) is given by the densities
of (F,G) on the types who participate (v > Rp,¢ < R;). For r € (0,7), then all meetings
result in trade and there is price dispersion. In this case the equilibrium price for the

11



transaction with seller with cost y and buyer with valuation x satisfies

L [rOx+ (1 - B)m(0)R ry + pm(0)Rs
e =[S O T @

In the case where the common discount rate is zero, r = 0, then the Law of One Price

holds and there is an equilibrium price

p=BRy+ (1—P)Rs. (3)

If search costs (cp, cs) converge to zero then p converges to the competitive price and
Rs, Ry both converge to the same value R which is the competitive equilibrium price p*
and the search equilibrium allocation in terms of quantity also converges to sG(p*) which
is the quantity sold in competitive equilibrium.

4.2 Steady-State of the Search Mechanism

Throughout we focus on the steady-state of the search mechanism since that is where
the search mechanism involves the least information, providing a best-case scenario for
the search mechanism. Note that in steady-state constant distribution of types currently
in the market implies that the distribution of types leaving the market is the same as
the distribution of types entering the market, which is given by (F, G) with the cutoffs
(Rp, Rs), the allocation in the steady-state can be described by a pair (ps,y) where p; :
[0,1] — Ry is a function, where p;(i) for describes the equilibrium transaction price for
agent i if i participates in the market that is, if i € Bx' € [Ry,1] and if i € S, yi € [0, Rs].
If i does not participate then if i is a seller for ¢ e (Rs, ], ps(i) = Ry and if i is a buyer,
xt € [x,Ry), then ps(i) = Ry.

Since buyers and sellers meet randomly and the transaction price depends on the pair
of valuations of buyers and sellers p(x, y), prices are not deterministic in the search equi-
librium but the distribution of realized transaction prices is deterministic as there is a
continuum of traders and can be described by a CDF P : [p,p] — [0,1]. Any func-
tion ps consistent with the search equilibrium implies in an ezj[uilibrium distribution of
prices P. Let §(x) and x(y) be the highest seller’s cost and lower buyer’s valuation
such that there is positive joint surplus in trading given buyer’s and seller’s valuations
(x,y), respectively, then p satisfies ps(i) € {p(x’,y),y € [y, y(x")]} if i is a buyer and
ps(i) € {p(x,y"), x € [x(y'), %]} if i is a seller. -

12



The privacy-preserving message process (Us, M;) is constructed as follows:
The message space of the search mechanism is

M;s = {(ps,y) € F x Y : ps(i)y1(i) + y2(i) = 0,Vi},

where F is the space of functions on [0, 1] to R .
Let 1! be a correspondence from E to M. Let pi!, : E' = M given by

(1,—ps(i)) ifi € Band x' > ps(i)
pe(x) = < (ps,y) € Ms = y(i) = < (0,0) ifi e Band x' < ps(i) ori € Sand x' > py(i)
(—1,ps(i)) ifi€ Sandx’ > ps(i)

Define the correspondence ys : E =2 M; by

Hs(e) = Nip'(e) N (ps(e) x V), (4)

where ps(e) is the pricing function determined by the search equilibrium in the envi-
ronment e (with buyers and sellers types distributed according to F and G) so that means
that i is restricted to the subset of M, consistent with the search environment described
in subsection 4.2. Note that y; is privacy-preserving by construction.

The search mechanism is a triple (ps, Ms, gs) where ¢s(p,y) = y is a projection from
MstoY.

Note that ps(i) > Rs if ¢’ < R; and ps(i) < Ry if v' > R, since prices must compensate
for search costs, while agents who do not trade are the types with costs/valuations in
(Rs, Rp).

If the discount rate r = 0 and search costs (cp, cs) converge to zero then the search
equilibrium prices all converge to p* which means that the search mechanism becomes
the competitive mechanism. Then it is informationally efficient at this frictionless limit.
We are interested in the mechanisms away from the limit.

4.3 Informational Efficiency

For the search mechanism with positive frictions, the set of net trades is a higher dimen-
sional object. To see that consider the search equilibrium. A buyer of type b € {1,...,k}

can match with a seller of type v € {1,...,k}. Consider a partition of the set of buyers
k

v=1’

of each type b into k subsets {m(b,v)};_,, corresponding to each seller type that a buyer
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could be matched with. Each subset m(b,v) can transact at a price p(b,v). If a pair of
types (b,v) do not transact in the search equilibrium then we can divide these into two
cases: (1) Buyer of type b does not participate in the market because his valuation is too
low (so b < RE, where R’g is the marginal buyer type for the k-types economy). (2) The
seller of type s does not trade with the buyer because either s does not participate or the
discount rate r is too high for all participating types to trade with each other. In case (2)
the set m(b, v) is empty. In case (1), the buyer of type b does not participate in the market
and we can just assume that m(b, v) has the same measure for each seller type v.

Let A(b, v) be the probability that a transaction is between a buyer of valuation x(b)
and a seller of valuation y(v). Among buyer type b who does participate in the market
A(b,v) is given by the measure of the set m(b, v) divided by the sum of the measure of sets
{m(b,v") :v" € {1,2,...,k}}. If buyer type b does not participate in the market A(b, v) is
zero for all seller types.

The search message space in the k-environment specifies prices for each possible pair-
ing of buyers-seller types, which means that there are k? prices for each pairing between
the k-types of buyers and k-types of sellers. Let y?(b,v) = (y2(b,v)1,y®(b,v)2) be the net
trades of the set of buyers of type b with sellers of type v and y° (b, v) = (y{(b,v),y5(b,v))
be the net trades of the set of sellers of type v with buyers of type b. A profile of net-trades
isy = (¥7(,0),¥°(© ) poeqi,.ky

Therefore, the set of net trades for the search mechanism is described by:

¥i = {y € ((-1,0,1) x Ry)* : £ Ty A, 0)[yP (5,2) +y5(b,0)] = (0,0), 5% (b,0) = y(b,0) = 0if b < R }.
)
Again, let (u5, Mk, ¢¥) be the k-environment versions of the search allocation mecha-

nisms, where
ME = {(p,y) € RE x Y7 : p(b,0)y(b,0) + vh(b,v) =0,j € {B,S},Vb,v € {1,...,k}}.

and p¥ is the finite analogue of s, a correspondence that maps EX into M¥, and g¥ is the
projection from M to Y*.

In the search mechanism the k-economy there are k? prices and effectively 2k? different
types of agents (each player’s endowed type and who they are matched with) in the
search equilibrium, that means that for each buyer (or seller), they form expectations
regarding prices for transactions with each of the k-types of sellers (buyers) in the other
side of the market, therefore each buyer (seller) individually has to form expectations
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regarding k distinct prices (each of which depends on the opportunity costs that depend
on the distribution of buyers’ types). This implies that the dimensional size of the message
space is k2 (prices) plus Y, (k + k) different types of agents minus one dimension 1 due
to the market-clearing condition. Therefore, M¥ is a 3k?> — 1 dimensional manifold, which
has approximately 1.5k times more dimensions than the message space of the competitive
mechanism M. Clearly, this difference converges to infinity as k — oo, stated in the

Proposition 1.

Lemma 2. M¥ and M¥ are 2k and 3k*> — 1 dimensional manifolds. Therefore, as k — oo the ratio
of the dimensional size of M¥ to M¥ converges to infinity.

Proof. See Appendix Subsection A.3 |
Lemma 1 and 2 give us the main proposition on the search economy.
Proposition 1. As k — oo the ratio of the dimensional size of M to M¥ converges to infinity.

In other words, the search mechanism requires that each participant of the market be
aware of all types of participants operating in the market to form expectations regarding
payoffs from participating in the market and to bargain with the other participants. This is
precisely the inverse of the intuition regarding the informational efficiency of the market
as articulated by the literature on the informational efficiency of competitive markets:
that each participant of the market can use prices as an efficient way to substitute for the
information they would otherwise require to allocate resources without access to market

prices.

4.4 Extending to Private Information

The competitive mechanism is incentive compatible so is not important to consider pri-
vate information. However, if valuations are private information in the search environ-
ment, then upon matching buyers and sellers cannot play pricing strategies that are func-
tions of the pair of matched types. Following Satterthwaite and Shneyerov (2007), con-
sider the trade mechanism where buyers offer prices and sellers post reservation prices.
If the offered price is higher than the reservation price the transaction occurs, otherwise
there is no transaction.

Let the offered price by the buyer of type b be p(b) and the reservation price of a seller

of type v be given by p(v). Then, there are 2k different "prices" in the search-mechanism
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under asymmetric information instead of k? prices. But there are still 2k? types of con-
sumers as each distinct pairing of buyers and sellers types can imply a different net trade.

In this case, the dimensional size of the message space is smaller than in the search
mechanism with perfect information, but the result of Proposition 1 still holds as the ratio
of dimensional sizes of the message spaces of the search mechanism to the competitive
mechanism also diverges to infinity as the number of types of consumers increases.

The informational inefficiency of search is because each agent is a price-setter and
they must have information to calculate a price to choose. In contrast, the competitive
mechanism only has one "agent" setting prices: the Walrasian auctioneer. However, as
we noted, the behavior of the auctioneer is not explicitly modeled and does not have
an explicit strategic justification. The market-maker model covered in the next section
incorporates explicit strategic behavior while also harnessing the information efficiency

from having agents strategically behave as price-takers.

5 The Informational Efficiency of Market-makers

5.1 Environment

Suppose that in addition to buyers and sellers (the consumers), there is a finite set of
market-makers in this economy, indexed by j € J. Market-makers are firms who act as
profit-maximizing intermediaries who "make the market" by posting bid and ask prices
for the indivisible good, intermediating trade between the suppliers (sellers) and the final
consumers (buyers) in the economy.” Consumers valuations are private information so
we assume market-makers are constrained to uniform pricing policies where there is no
price discrimination. 1 Unlike the search mechanism, buyers and sellers do not directly
match with each other. Instead, both buyers and sellers trade through the market-makers.
Buyers purchase from the lowest priced market-maker they have access too as long as it
is lower than their valuation, sellers sell at the highest-priced market-maker as long as

9. In our model market-makers perform the same role as in Spulber (1996a, 1996b), but in this model the
number of market-makers is finite and consumers are matched with different probability to each market-
maker.

10. A market-maker could practice price discrimination but the trader’s valuations and awareness are
private information. There is two-sided asymmetric information in the sense that both buyers and sell-
ers have private information regarding their valuations and costs as in Satterthwaite and Shneyerov (2007,
2008) and since the good is indivisible then the only direct revelation mechanism that is truthfully imple-
mentable consists of a pair of prices that the market-maker is willing to buy or sell the good for.

16



the posted price is higher than their cost.

Consider the case of the absence of any form of frictions of trade: All traders have cost-
less access to all contracts posted by all market-makers. Consider a market-maker who
posts a pair of prices which the market-maker offers to buy and sell the good, respec-
tively, (pp, ps) which are, respectively, higher and lower than prices posted by all other
market-makers, then its profits are

7t(ps, pv) = (ps — pp) X b[L — F(ps)], (6)

subject to the market clearing constraint that the quantity brought from sellers is equal to

the quantity demanded by buyers:

b(1—F(ps)) = sG(pp). (7)

If the market-maker posts bid prices lower than some other market-maker no seller
will sell to him or her and so its profits are zero. If the maker posts bid prices higher than
all others but not the lowest ask prices the market-maker has monopolized the supply

and profits also satisfy 6 subject to the resource constraint 7.

Proposition 2. If at least two market-makers are operating then there is only one Nash equilib-
rium: for at least two market-makers to post a pair of bid-ask prices (py, ps) = (p*, p*), that is
market-makers post the competitive equilibrium price.

Proof. See Appendix Subsection A.4 [

Proposition 2 states that this environment of strategic price determination by market-
makers implements the competitive equilibrium in a frictionless setting. Moreover, the
proposition says that without any frictions, two market-makers are sufficient to achieve
the competitive allocation, as in a standard Bertrand model.!!

The interesting application of such a model is to consider the case of imperfectly func-
tioning markets where there are frictions of trading. We develop such a model of the next
few subsections. We describe frictions of trading in this setting by the hypothesis that
traders might not have full access to all market-makers because they might be unaware
of the full set of market-makers operating in the market.

11. Two is the magic number. In a strategic game with indivisibilities, Martinelli, Wang, and Zheng (2019)
proves that all Nash equilibria with active trading are competitive if and only if there are at least two

intramarginal traders in each side of the market. They also show competition occurs in the lab with only
two traders on each side.
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5.2 Frictions of Trading: Consideration Sets Constrained by Unaware-

ness

The market-maker model incorporates frictions of trading which allow it to yield results
such as market-power, price dispersion, and other features of markets that do not exist in
the competitive market mechanism. We model the frictions of trading by assuming that
consumers (buyers and sellers) have constrained choice sets regarding the market-makers
that they can trade with. We use the term (borrowing from Perla (2019)) imperfect aware-
ness to describe these constrained choice sets regarding the market-makers operating, we
assume that awareness is randomly and independently distributed.!?

For j € ] there is subset A/ C [0, 1] of buyers and sellers who have access to market-
maker j and let A = {j € ] : i € A'} be the set of market-makers that i has access to.
The set of environments E includes the market-makers and the awareness among buyers
and sellers regarding them (use the term "aware of j" to mean j € AJ), this information is
givenby {A/};c;. Thatis, ¢’ = (x, A"), where x' is agent i’s valuation or cost and A is the
set of markets that i is aware of, an environment e € E is specified by A = {A/};c; and
the distributions of buyers valuations F and sellers costs G.

Let the awareness parameter 7/ given by m/ = A(A/) € (0,1], the (Lebesgue) measure
of Al which is the fraction of all traders aware of j. We assume that A/ is a simple random
sample of the traders. This means that it satisfies the properties of independence of type
and awareness which means that:

Assumption A1 The fraction of traders who are buyers in A/ is b, sellers is s = 1 — b.

Assumption A2 The distribution of types of buyers and sellers conditional to being in
Al are F and G, respectively.

Assumption A3 The probability of being aware of a competing market-maker is inde-
pendent, that is

AAT N AT = A(AT) x A(AM), (8)

for the awareness sets A/, A" of marker-makers j and h.
Note that 8 implies that the fraction of buyers and sellers who are aware of the seller
j conditional on being aware of a competitor is m/. As valuations, consumer’s choice

sets are private information so market-makers cannot price discriminate based on the

12. Other studies such as Armstrong and Vickers (2019) and McAfee (1994) use the term "consideration
set" or "availability rate", respectively, to indicate the subset of agents that buyers or sellers have access to
and to indicate the degree of access among consumers in the market.
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consumer’s choice sets.

5.3 Static Market-maker Mechanism

The solution concept used here is Nash equilibrium in mixed strategies: a mixed strategy
profile for the market-makers is a profile of distributions over a subset F C [¢,¢] X [0, 7]
of pairs of prices that are consistent with market-clearing (that is, the quantity brought by
the market-makers is equal to the quantity sold) such that any price pair on the support
of the distributions is profit maximizing. As stated in Proposition 3 given a profile of
awareness parameters m such that consumers are fully aware of at most one market-
maker the unique equilibrium in the this environment is a profile of pricing strategies
described by ({P/ }11:1' p), where P; is a cumulative distribution function on [0, 1] and p is
a function that maps [0, 1] into a pair of prices for buying and selling in [c, ] X [v, 7]. This
function is such that posting any pair of prices p(a) = (p*(«), p’(«)) for & on the support
of P/ is profit-maximizing and the resulting allocation is feasible.

Proposition 3 (Market-maker Equilibrium). If m is such that m/ < 1 for at least | — 1 market-

makers then there is a unique equilibrium that consists of a profile of mixed pricing strategies

{P} jej and the sharing rule such that for a pair market-makers h and j if m" < ml then traders

aware of both will trade with h if posted prices are the same. The profile of equilibrium strategies

features connected supports [a, &) for each j € ], they share a common lower bound of the support

a, and the distributions are continuous on [, 1). For each j € ], for w € [/, @], PI(«) satisfies
o -

Pl(a) = ;P](oc),

where j is the market-maker with the largest availability a. The distribution Pl is given by
[10 - aP/(@)Q) = [T(1 - m)Q().
j#] j#i

where Q(a) = [ps(a) — pp(a)]sG(py(a)) is the quantity that is transacted per unit of aware-

ness if there was no competition.
Proof. See Appendix Subsection A.5. |

Corollary 1 (Convergence to Competitive Equilibrium). Consider a sequence of awareness
profiles my, If, for at least two market-makers h, g, m" and ms, both converge to 1 then the equilib-
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rium pricing strategies { P/, p} jej converge in probability to the competitive equilibrium price p*,
which is the unique equilibrium if m" = m/ = 1 for at least two market-makers.

The equilibrium mixed strategy profile described in Proposition 3 is similar to the
equilibrium described in McAfee (1994): the distributions of prices posted by the market-
makers are non-degenerate and are continuous on the interior of the support, the larger
market-makers (in terms of the m/) transact at higher margins than smaller market-makers
in the sense that the distribution of margins between ask and bid prices of the larger
market-makers first-order stochastically dominate those of the smaller market-makers).
The reason for this result is that in an economy with finitely many market-makers it is
less likely that buyers and sellers are aware of a competitor to large market-maker than a
competitor to a smaller market-maker, so the larger market-maker loses fewer customers

if the spread between sell and bid prices is increased.

5.4 Allocation Mechanism

The allocation mechanism in this case is the allocation mechanism that implements the
allocation corresponding to the Nash equilibrium in mixed strategies. Note that if there is
imperfect awareness regarding almost all the market-makers (i.e. m = (m/ )]].:1 such that
m/ =1 for at most one j) then for any market-maker the posted price for buying is strictly
smaller than for selling and therefore profits are strictly positive.

Following Hurwicz (1977a), we interpret that the profits of the market-makers and the
resulting deadweight losses are both components of the "cost" of operating the allocation
mechanism: In that case, the allocation implemented by the mechanism features strictly
negative net-trades for the numeraire good among the agents in the economy and as bid
and ask prices diverge it means that not every buyer or seller who has access to a market-
maker and would trade under competitive prices does so.

The set of net-trades incorporates the possibility of market-makers making profits by

buying at lower prices than they sell:

Yy = {y: 0,1 = {~1,0,1} x R : /Olyl(i)di - 0,/013/2(1'))011' < o}.

Given a realized profile of prices pm = (p1,...,p ]) (which describes the equilibrium
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at some date in the dynamic version of the model) the message space is given by
My, = {(pm,y) € IRLr X Y, : foreach i, 3j € Alst.i € Al and ply, (i) + y2(i) = 0},
and ji,, is a correspondence on E to M, that satisfies
o = Niftin (€1),
where pl, : E' = M, satisfies
0,0) ificBandv' <min{pl:jc Al}or Al =@
1,—min{p/ : j € A}}) ifi € Band o' > min{p}:j € A’}

(
( .
(0,0) ifi € Sand ¢’ > min{p), :j€ At or A’ =@
(—=1,min{p/ : j € A’}) ifi€Sandc < min{pi 1j € A}

(€)= < (Pm,y) € My 1 (i) =

5.5 Informational Efficiency

As in Subsection 4.3 consider a sequence of finite types economies {¢; } that approximates
the environment with the cumulative distributions of buyers and sellers valuations F
and G. In this case, the dimensional size of the message space incorporates the different
market-makers that make the market: If there are N < | market-makers with non-zero
awareness parameters then there are 2N different prices posted to the consumers, plus the
subset of consumers who are not aware of any market-makers. As in the case of the search
allocation mechanism, the set of consumer "types" increases to differentiate consumers by
their access to different prices (as awareness is heterogeneous).

The number of consumer types is determined by the discrete distributions of valua-
tions (Gy, Fx) and N. The type of a consumer can be specified by a triple (7, x, ) where
r € {b,s} denotes if the consumer is a buyer or seller, « € {1,2,...,k} denotes the val-
uation type of buyer or seller, i € | denotes the market-maker that the consumer trans-
acted with (including # = @ if the consumer does not transact with any market-maker).'?
Therefore, there are 2kN or 2k(N + 1) types of consumers if the subset of consumers

who are not aware of any market-makers is respectively empty or non-empty. There-

13. Note that the computation of the dimensional size of the message-space does not need to include the
information of which other market-makers the consumer was aware of besides the one he or she transacted
with.
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fore, market-clearing of the indivisible good among consumers who interact with each
market-maker implies that the message space corresponding to environments with k dif-
ferent valuations for buyers and sellers is a Z-dimensional manifold where Z is equal to
2N + (2k —1)N or 2N + (2k — 1) (N + 1), respectively if the subset of consumers who are
not aware of any market-makers is respectively empty or non-empty. This implies in the
following corollary:

Proposition 4. As k increases to infinity the ratio of the dimensional size of the message spaces of
the market-maker mechanism to the competitive mechanism Z /2k converges to N or N + 1.

That is, the ratio of the size of the message spaces between the competitive mechanism
and the market-maker mechanism is approximately the number of market-makers oper-
ating in the market. This result is intuitive since the competitive mechanism implicitly
assumes a single monopolist market-maker called the Walrasian auctioneer whose bid
and ask prices have zero spread.

However, for the model to generate more sophisticated market-behavior in equilib-
rium, such as price dispersion with average spreads between the ask and bid prices that
depends on the degree of tenure of the market-maker has been operating, then it requires
the assumption that at least two market-makers are operating. In that case, the minimum
dimensional size of the message space of the market-maker equilibrium in a given period
is Z = 44 2(2k — 1), as there is a pair of bid and ask prices and there are two profiles of

net trades for the 2k types of consumers.

6 Dynamic Equilibrium: Competitive Price Formation and

Awareness Diffusion

The previous section showed how the message space was proportional to the number
of market makers. In the best-case, static equilibrium, two market-makers could imple-
ment the competitive equilibrium through Bertrand competition. This section develops a
dynamic model with only a single strategic market-market in equilibrium.

Consider the case of the monopolist market-maker who can deter entry (we will ex-
plain how below). Assume the subset of consumers who are not aware of any market-
makers is empty. So the number of consumer types is 2k but a pair of prices is realized
instead of one price in the case of the Walrasian auctioneer. It represents the most infor-

mationally efficient mechanism in this class of market-maker environments with informa-
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tional size 2k 4 1, or only one dimension more than the competitive mechanism (outside
of the limit case of § = 0, B — 1 when it converges to perfect competition and there is only
one price posted to all consumers). This additional dimension reflects the profit margin
between purchase and sale to provide incentives for the market-makers to "produce"” the
price mechanism.

To formally develop this model, suppose that time is discrete: t = 0,1,2,... and let
B = 1/(1 +r) be the discount factor. The good is perishable so at each period sellers can
produce one unit of the good and buyers have unit demand for one unit per period.

Awareness Diffusion: Given a set | of market-makers there is a awareness profile
{m]t.}][:1 € (0,1)). Suppose awareness regarding a market-maker diffuses through the
market according to

m),, = (1—8)m, + M(m),1—m}), )

where M is a matching function that represents the diffusion of awareness through
traders who hitherto had access to the market-maker and ¢ € [0,1) is the awareness de-
preciation parameter (that is, the rate in which traders "forget" about the market-maker).

Each market-maker chooses in period 0 to post prices according to a sequence of dis-
tributions for each period. Since the choice of the pricing strategies does not have any
effect on the state of the market the optimal strategy for each market-maker is to choose
the profit-maximizing pricing behavior at each period given the action profile of the other
market-makers at that period. This means that at a given point in time ¢, prices practiced
in the market are given by {Pt] }; described in the proof of Proposition 3.

We are interested in the convergence of equilibrium prices and allocation to the com-
petitive equilibrium. Since the outcome of the equilibrium is stochastic as the market-
makers randomize their bid and ask prices we use the notion of convergence in proba-
bility: Convergence in probability of equilibrium prices and allocation to the competitive
equilibrium means that the probability at a period t that prices and the allocation are at
some positive distance from the prices and allocation of the competitive equilibrium con-
verges to zero as  — oco. The distance between two allocations x and x" that assign a
consumption bundle x'(i), and x(i), respectively, to consumer i € [0,1] is described by a
function D(x, x’) that satisfies

1

D(x,¥) = / Y [l (i) — %(0)]] di.

07
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Proposition 5 follows from Proposition 3 as the expected equilibrium margin between
buy and ask prices posted by the market-makers converge to zero if lim mi = 1for mi >0
and | > 2. Therefore, the awareness by the consumers regarding the market-makers
operating converges to 1 as t — oo implies that a measure converging to 1 of consumers
has access to buy and ask prices that are converging in probability to the competitive
price. Therefore, the equilibrium allocation converges in probability to the competitive

allocation.

Proposition 5. If the law of motion for awareness diffusion 9 implies that lim mi =1 for m{ >
O then if | > 2 as t — oo the equilibrium prices and the equilibrium allocation converge in

probability to the competitive equilibrium.

6.1 Steady-State Equilibrium

The analysis so far implied that a market where trade is mediated by market-makers
approximates the outcome of the competitive equilibrium as awareness regarding the
market-makers diffuses. However, by allowing awareness to depreciate with 6 > 0 (as
consumers forget about a market-maker) then given some assumptions on the matching
function M!* then there is a unique steady-state awareness level 7 such that

= M(rh, 1 — 1) /6.

There is a corresponding steady-state equilibrium if and only if all market-makers
have the same awareness parameter m/ = 771 which is a symmetric mixed strategy de-
scribed by a pair {P, p} that all market-makers follow. If we let § — 0 then awareness
diffusion function M implies that 1 — 1, that is if awareness depreciates very slowly
the steady-state level of awareness approximates full awareness, which implies that the

steady-state equilibrium approximates the competitive equilibrium.

Entry and Exit

Suppose that at some period t some market-makers are operating in the market and some
that are not operating in the market (which means that their awareness parameter m/ is

14. More precisely, that M is continuously differentiable, concave in both arguments, satisfies the condi-
tion that lim,_,g dM(a, b) /da = oo, ¥b > 0.
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zero). There is an entry cost E > 0 which is the cost of setting up a starting consumer base
represented by an entry-level awareness parameter m, € (0,1).

The law of motion for the diffusion of awareness 9 implies that for M increasing and
concave in both arguments, m, that is not very large, and if the depreciation parameter
is not very large then market-makers grow after entry (in the sense that m]t is increas-
ing over time). That implies that incumbent market-makers are larger than entrants and
therefore transact at higher expected margins. If we follow Spulber (1996a) interpretation
that market-makers are firms who intermediate between suppliers and consumers this
equilibrium property replicates the findings of Foster, Haltiwanger, and Syverson (2008,

2016) that incumbents charge higher prices than entrants.

6.2 Contestable Market Equilibrium

Suppose that there are only two market-makers. The set of market-makers is | = {1,2},
suppose that m} = 1,m3 = 0 ata date set to 0. That is, 1 is a monopolist market-maker and
all traders have access to his posted contracts and 2 is out of the market, but 2 can decide
to enter in the current period. That is, 2’s action set is that she can choose m% e {0,m.}
besides the price if she has not entered the market in the period before. A monopoly deter-
rence equilibrium is a situation where the incumbent 1 chooses to post buying and selling
prices for each period such that the profits from offering better prices to the consumers
are too low to compensate for the cost of entering the market.

Definition 3. A monopoly deterrence equilibrium is an equilibrium where 1 chooses a pricing
schedule and given this pricing schedule, 2 finds it optimal to not enter. The pricing
schedule is the profit-maximizing in the sense that a higher selling-buying margin that
yields higher profits for 1 implies that 2 finds it optimal to enter and undercut 1’s posted
offers in every period and is profit-maximizing in the sense it yields a higher discounted
expected value of the profit stream for 1 than the expected value of the profits in the
equilibrium under a duopoly if 2 also enters the market.

The proposition below states that if entry costs are high enough and awareness dif-
fusion is fast enough then the unique equilibrium is for the monopolist to deter entry.
That is because entry cost is higher than the expected profits that can be obtained in the
duopoly competition process where market-maker 2 competes with the former monopo-
list. However, the monopolist 1 must commit to a sequence of prices that still yield a low

enough profit to deter the entrant. The unique equilibrium is the sequence of prices that
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makes 2 indifferent between entering and not but that maximizes the present value of
1’s profit stream. As discount rates decrease the present value of the gains from entering
the market increase. This implies that the buy and ask prices posted by the monopolist
become closer to the price of competitive equilibrium. As the discount rate r converges to
zero, the present value of any positive profit stream converges to infinity, which implies
that the monopoly deterrence equilibrium converges to the competitive equilibrium as

the discount rate converges to zero.

Proposition 6. If awareness diffusion is fast enough so Y5> o(1 — m?) < C for some constant

C conditional on seller 2 entry, and the discount rate r is low enough, then, for an entry cost E
equal or higher than C x 7™, the unique equilibrium is the monopoly deterrence: The monopolist
commits to posts prices p(7t) that yield a per-period profit of

m=E/ (Z [3%%)
t=0
to deter entry. As r converges to zero the deterrence monopoly equilibrium profit flow 7T converges
to zero, which means the posted buying and selling prices converge to the competitive equilibrium

prices p*.
Proof. See Appendix Subsection A.6. u

The existence of entry costs for 2 can be interpreted to represent the costs of communi-
cating additional information to the market-participants so that if the costs of communi-
cating additional information are higher than the (private) benefits which are the profits

2 obtains from entering the market, then it does not occur in equilibrium.®

7 Concluding Remarks

When evaluating the plausibility of different models, in addition to empirical relevance,
we argue that an important factor to consider is the degree of informational efficiency.
The size of the message space is a quick measure of the informational and computational

burden placed on the agents in the model. In particular, we are interested in economies

15. We have not performed a welfare analysis to check if the monopoly deterrence equilibrium is more
efficient than the duopoly after 1’s entry. As the social benefits of 2’s entry would be the reduction of the
deadweight loss thanks to prices closer to perfect competition. The social benefits are different from the
private benefits of entry.
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with strategic agents where the allocation mechanism converges to the competitive mech-
anism. We study two such mechanisms: a search mechanism and a market-maker mech-
anism.

While the search model has been extensively studied in the literature, we show that
it is unattractive from an informational perspective. In particular, we showed that for
large economies the search allocation mechanism requires infinitely more information
than the competitive mechanism. A true search mechanism, where everyone must be
able to search across all the people in the economy to find trading partners, is extremely
inefficient in terms of information as it requires that each agent must have a complete
model of the economy. That is one possible reason we do not often observe single buyers
trading with single sellers in real-world economies.

In contrast, we propose a different decentralized mechanism with market-makers.
Such a mechanism has a few attractive features. First, the market-maker mechanism bet-
ter matches certain features of the data, such as exhibiting price dispersion and prices
that depend on the tenure of firms in the market. The other attractive feature, which
is the focus of this chapter, is that the market-maker mechanism requires almost as lit-
tle information as the competitive allocation, even when it is used to explain deviations
from the competitive allocation. This informational efficiency is one possible reason we
observe intermediaries that facilitate trade between individual original sellers and indi-
vidual final buyers and that their operation is restricted to individual markets. It may be
a puzzling result that an economy where trading for each good is intermediated by few
traders can be thought of as more informationally efficient than markets where trading is
highly decentralized but it is an intuitive result: if consumers only need to be aware of a
few intermediators for each good they purchase the informational requirements are much
smaller than if consumers need to form a model of the whole market before engaging in

search and bargaining for their consumption bundle.

A Appendix

A.1 Existence and Uniqueness of Walrasian Equilibrium Price

Proposition 7. There exists a unique p* such that sG(p*) = b[1 — F(p*)].

Proof. Define the excess demand function Z : [0,1] — [—1,1], Z(p) = s[1 — G(p)] — bF(p),
since F and G are continuous, Z is continuous, at p =0, Z(p) = 1 whileatp =1, Z(p) =
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—1. By the intermediate value theorem there exists a p* such that Z(p*) = 0 and from the
fact that Z is strictly decreasing it’s easy to see that such p* is unique. u

A.2 Proof of Lemmal

Proof. Using the conditions of Ei'(:1 y'=0 and py’ +y5 = 0,Vi, implies that the function

(r,y) — (p,7) € Ryy X ]R%f;l,where forl1 <i<2k—1,7 =v,isa C*-diffeomorphism,
thus MFis a (2k — 1) + 1 = 2k-dimensional manifold. [ ]

A.3 Proof of Lemma?2

Proof. The price vector of the search equilibrium has k* dimensions, while Y{ has 2k
dimensions, so, by analogous argument as for the competitive mechanism, M is a k? +
2(k?) — 1 = 3k? — 1-dimensional manifold. [

A4 Proof of Proposition 2

Proof. To see this is a Nash equilibrium note that posting the competitive price yields zero
profits and for any market-maker deviations either imply negative profits (if purchase
prices are higher than p* and for selling are lower than p*) or zero profits (in the case the
purchase prices are lower than p* and for selling are higher than p*). To see that this is the
unique Nash equilibrium note that if market-makers post prices to make strictly positive
profits other market-makers could deviate and make profits by capturing the customers
of competitor market-maker by posting more attractive bid and ask prices. u

A.5 Proof of Proposition 3

Proof. Part 1. Existence and characterization:

As shown in A.1 there is a unique competitive equilibrium price p*, since A/ satisfies
property 5.2, p* is also the unique competitive equilibrium price for the subset of traders
who are aware of a market-maker.

To construct the candidate equilibrium strategy profile {P/ }jey we consider pricing
strategies described by a pair (py, ps) of offers to buy and sell the good by the market-
maker where p, < p* < p;. First consider the monopoly prices pM = (pM, pM) which
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satisfies the monopolist market-maker problem:

r;;g;;{(ps — pp) min{sG(pyp), b[1 — F(ps)]}}- (10)

In the case of existence of multiple profit maximizing pairs of monopoly prices, let (pM, pM)
be the pair of monopoly prices with the lowest difference between the buying and selling
price, which implies, as sG(p)) = b[1 — F(pM)], that it is the pair with lowest selling
price and highest buying price.

Let j be the market-maker with the largest awareness parameter (m/ = max{m/} je))-
Let

a=[T(—m"
]

and let TTM be the monopoly profit normalized in regards to m/ € (0, 1], that is

™ = (pM — pp") [sG(py")]-

Consider a function p : [0,1] — R3 such that p(a) = (py(a), ps(a)) is a pair of prices
that satisfies

[ps(&) = py(a)]Glpp(a)] = all"/s, (1)

and also satisfies market clearing,

sG(pp(a)) = b[1 = F(ps(a))]- (12)

That is, (py(«), ps(a)) is the pair of prices that implements a feasible net trade for a mo-
nopolist market-maker and yield a fraction a of the monopoly profits. In addition if
for some a € [0,1] there is more than one such pair of prices then (p,(«), ps(«)) is the
pair with smallest difference between the buying and selling prices, formally, for each

€ [0,1], (pp(a), ps(a)) satisfies

(pp(a), ps(a)) = argr(rblir)lﬂb —s| : (b,s) satisfies 11,12}.
/S

To see that there exists at least one pair of prices that satisfies 11 and 12 note that profits
for p, = ps = p* are zero and imply sG(p*) = b[1 — F(p*)], while profits for p, = p{?\/l
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and ps = pM are [TM and they also satisfy market clearing. As G and F are continuous

therefore for any ps € [p*, pM] there exists a (unique) buying price p,(ps) that satisfies

sG(ps) = b[1 — F(py(ps))] and continuity of G and F also imply that profits vary con-

tinuously from 0 at ps = p* to [1M at p; = pM, by the intermediate value theorem any

profit level between 0 and ITM can be attained by some pair of prices (ps, pp(ps)) with
€ [p*, p].

Note also that if a pair of prices is feasible for a monopolist market-maker then feasi-
bility also holds in the case of competition between pairs of prices given by {p(«a) : a €
[0,1]}. To see that, consider two market-makers in competition. Suppose each market-
maker j € 1,2 posts a pair of bid and ask prices p(a/) for some &/ € [0,1]. If &' < a2 that
implies that 1 is posting lower ask prices and higher bid prices, therefore the consumers
who are aware of both market-makers prefer to trade with 1, but as the consumers’ pref-
erences are independently distributed from consumer awareness the quantities supplied
and demanded from 2 fall in the same proportion (both supply and demand from market-
maker 2 decreases by a fraction of m') so market-clearing still holds.

The candidate equilibrium strategy profile { P} i is a profile of CDF’s on [&, 1], that is,
P;(a) is the probability that buying (selling) prices higher (lower) than pj(a)(ps(a)) that
satisfies the equal profit condition

g(l — Py(a)m")[ps(a) — pp(a)]sG[pp(a)] = aIT™, (13)
)
where
1—m" + [1— Py (a)]m" =1 — Py (a)m", (14)
g

Prob. k¢ A" prob e Al and (Pl <pp(a) or pi>ps(a))

is the probability that a trader chooses to transact with the market-maker j over com-
petitor /1 and £ITM is the profit margin of a market-maker when posting prices at the
minimum profitability level (lower bound for sales, upper bound for purchases), which
means its selling (buying) prices undercuts (tops) all competitors. Note that 13 implies
that Py (a) = O s [ps(a) — py(a)]sGlpy (a)] = alTM.

To check that this is an equilibrium:

Note that any prices not in the support of equilibrium strategies P = {(pp(a), ps(«)) :
a € [a,1]} lead to strictly lower profits: If we consider prices (py(a), ps(a)) that sat-
isfy 11 and 12 defined for & < g, profits are strictly lower by construction. For prices
(po,ps) € [P pu(a)] x [ps(a), pM] NP they either yield strictly lower profits because
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they are undercut by prices which would achieve similar profitability in the case the
market-maker were a monopolist or they are not feasible (i.e. the market-maker promises
to sell more than it purchases).

Given the sharing rule, it is easy to check that profits are constant on the support of
{PJ} for each j. If there is only one market-maker j with the largest awareness parameter
m/ then the equal profit condition 13 implies that there is atom of probability at P/(p™M),
the monopoly price, in the mixed strategy of the largest market-maker. The sharing rule
implies that traders always choose to trade with h # j if h posts the monopoly prices p™,
hence its profits do not fall discontinuously on the support of the equilibrium strategy
[a,1] as p(a) — pM.

Part 2. Uniqueness:

Note that any feasible pricing strategy for the market-maker is a pair of buying and
selling prices that are consistent with market-clearing. Note that pricing strategies on the
set of pairs of prices {p(a) : a € [0,1]} are weakly dominant, as any feasible pricing
strategy (py, ps) yields the same profits as a strategy p(a) for some a € [0,1] then sellers
and buyers prefer the buying and selling prices p(a). Therefore, for any market-maker
posting a pair of prices (py, ps) € {p(a) : a € [0,1]} cannot be a best response to a best
response. Hence, any candidate for Nash equilibrium consists of distributions over prices
in{p(a):ae]|0,1]}.

As we are restricted in our candidate equilibrium strategies to prices in {p(a) : a €
[0,1]} then the proof of uniqueness of equilibrium is a proof of uniqueness over distribu-
tions on [0, 1]. Consider an equilibrium strategy profile F, undercutting arguments imply
that F = {F/ }jey is non-degenerate and the upper bound of the support for at least a
pair of market-makers must include the monopoly price (otherwise it is a profitable de-
viation to post the monopoly price). The union of the supports for the strategies must
be convex; otherwise, market-makers could increase profits by posting prices in the com-
plement of the support. Additionally, the supports for the mixed strategies of individual
market-makers must be convex; otherwise, the equal-profit condition will be violated.

Further, equal-profit conditions are required to hold in a mixed strategy equilibrium
and these conditions imply that when the interior of the supports overlap, Equation 13
holds. This implies that, assuming no atoms at the lower bound of the support of the
distribution, the lower bound of the supports for any pair of seller types must be the
same if the interiors of the supports overlap. This implies that equilibrium strategies
for all seller types have convex supports (that is, the union of the supports is its own
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convex hull). Also, note that there cannot be atoms at a lower bound of the support
of equilibrium price distributions; otherwise, other market-makers have the incentive to
post a more attractive pair of prices p(«) for a in the e-neighborhood of the lower bound
of the support.

It remains to show that any equilibrium profile of price distributions is such that the
interiors of the supports overlap. That is, for any pair of market-makers the interior of
the support of mixed pricing strategies must overlap.

To see that suppose, without loss of generality, that there is an equilibrium strategy
profile P such that there is a pair of market-makers j, j with the same awareness param-
eter 0 < @/ = @/ < a* who compete against each other posting prices according to a
strategy that is described by pair of distributions P/, P/ on [0,1] and the price posting
function p that maps [0, 1] into pairs of buying and selling prices. The distributions P/, P/
have the same support [a*, #*] while all other market-makers post prices according to dis-
tributions that have their supports in [&, 1] with « = @*. In words, market-makers j and j’
compete by posting strictly more attractive prices to buyers and sellers than all others. Let
K be the market-maker with largest awareness parameter in the subset of market-makers
J=1-4i"

Let IT°(a) be the equilibrium profits per unit of awareness of market-maker o in post-
ing prices p(a) we call that 0’s equilibrium "profitability". Since #* = g, the profitability
of market-maker j of posting prices p(a*) is

1V (x")/al = (1 — o/ )& TTM. (15)
If market-maker 0,0 # j, j' post prices p(a), his or her equilibrium profitability is

() = (1—a)(1—a/)alI™. (16)

Note that & = &, and therefore the equal-profit condition for j, and 15, implies that

W = (1-a)a (17)

Finally, equations 16, and 17 together imply that for market-maker o # j, j’ that his or
her profitability in posting prices p(a*) satisfies
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I°(a*) = o1 (18)
= (1—a)al™ > (1—a)(1 - a/)aIIM (19)
= I%(a). (20)

The inequality 19 is a contradiction with P being an equilibrium. Therefore, in equi-
librium, the interior of the supports must overlap.

Hence, the pricing strategy described by {P;}jc; and {(py(a), ps(a)) : « € [, 1]} is the
unique Nash equilibrium given the sharing rule that the market-maker with the smaller
awareness parameter m/ has priority in transactions to buyers and sellers in the case of a
tie in prices. L

A.6 Proof of Proposition 6

Proof. The proof is divided into two parts.

Part 1: For simplicity of the argument first let us consider the case where agents are

1

myopic (only care about present payoffs, that is the discount factor f =

= 0) so, in
this case, the deterrence game has only one period.

As in the proof of proposition 3 let T = (pM — pM)sG(pM) be the monopoly profit
rate. Consider a profit rate 77 € (0, 7™), and suppose the incumbent 1 considers posting a
price p(71) = (pp(7), ps(7r)) that is the pair of buying and selling prices with smallest dif-
ference that satisfies [ps(7t) — pp(7)]sG[pp(7r)] = 7. Thatis, p(7) is the pricing strategy
that yields a payoff of 7t x m/ if j is a monopolist.

For m < E/m,, then if the incumbent posts p(7) the cost of entry E is higher than
the profits 2 can make after entry by undercutting 1 (as the discount rate is r = 1 the
market-makers only care about present profits). Therefore 2 does not enter. Therefore, if
the incumbent posts p(7) for m = E/m, (the highest profit margin that deters entry) and
the entrant playing "no entry", it is an equilibrium if 1 has no incentive to deviate.

Suppose that 1 deviates from p(7) and posts prices according to the mixed strategy
equilibrium described in Proposition 3 (for instance), suppose E is low enough so that 2’s
profits in mixed strategy equilibrium (given by m,(1 — m,) ™) are higher than the entry
cost. Then, 1s profits are (1 — m,)7t™. If E is larger than meart™ = m,(1 — m,)7t™ then,
for the monopolist a pure strategyp(7) for m = E/m, that deters entry yields strictly
higher profits than if the monopolist plays the mixed strategy P/ which yields profits of
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M

(1 —m,)rt™, since deterrence profits 7t satisfy

meartM

nm=E/m,> = (1 —mp) ™.

e

That is if m.a7t™ < E then the only equilibrium is for the monopolist to post p(7) for 7 =
E/m,, as even higher profit margin encourages undercutting by the entrant and playing
the mixed strategy. If E < mear™, then m < (1 — m,)7t™ and the only equilibrium is
entry of 2 and the mixed strategies (P!, P?) described in the proof of Proposition 3.

Part 2: This logic can be extended to the environment where agents are not myopic
and instead have a common discount factor § € (0,1). Then payoffs of 1 and 2 in the
Markov perfect equilibrium after entry are respectively

u; = i B'(1—m)r™, (1)
t=0

W2 =Y pmd(1— m)M, 22)
=0

where t is the number of periods after entry so {m?}; is the sequence of awareness
parameters for 2 that satisfies 9 for t > 0 and m3 = m,.

To implement a strategy of entry deterrence in this setting the monopolist should be
able to commit to a pricing strategy in period 0, that is, choose a pricing schedule in
period 0 that is valid for all future periods. Otherwise, after entry of market-maker 2, if
market-maker 1 cannot commit to a pricing strategy they will play the Markov perfect
equilibrium with payoffs U}, U? for 1 and 2 starting in period 1. If discount rates are low
enough, so payoffs in period 0 do not matter much, then for low E it is easy to see that
BU? > E so without commitment there does not exist a Markov perfect equilibrium that
deters entry in this case.

Therefore, suppose the monopolist commits to the strategy of posting p(7t) for profits
7 € [0, T™] for every period. The present value of 2’s profits conditional on entry when
1 is following its commitment p(7t) is bounded above by

us(m) =y p'mim.
t=0
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To deter entry 7t must imply that U?(7r) < E therefore it must satisfy

n<E/ (2 ﬁfm$> .
t=0
The present value of the payoffs for the strategy of entry deterrence for 1 are

1 7T _ E
Ui= 08 T 0= p) (g pd) 2

To allow for the equilibrium with entry deterrence the monopolist must find deterring

entry profitable: U} > U}. Clearly, the equation 23 implies that for an entry cost E high
enough we have U > U_.
Take {B,} such thatlim B, = 1 and let {E, } be a sequence of entry costs such that

Uj(En, B) > U, (). (24)

There conditions such that 3{E,} such that 7 — 0 (which means there exists a {E,}
that is bounded above by some E). To see that note that since m? € (0, 1], Vt with some
T > 1 such that m? < 1 for all + < T therefore 23 implies that U} > E. On the other
side, U}(B) = A(B)7™ /(1 — B) for some A € (0,1), as B — 1 since limm? = 1 implies
that limg_,; A(B) = 0. Want to find conditions so that U; (B) is bounded above. One
such condition is that m? converges to 1 fast enough so that Y° ,(1 — m?) < C, then
ul(p) < C x oM.

For E, > C x 7™ then deterrence is the only equilibrium, fix a sequence {E,} with
E, = E = C,Vn. Then m — 0 as B — 1 and therefore p(7r) converges to ps = p, = p*
as the discount rate r falls to zero and the equilibrium allocation must converge to the
competitive equilibrium.

Finally, consider the case where the monopolist can choose a sequence of pairs of
prices to post instead of being restricted to a single profit margin. The overall situation
is similar but with added tedious notation. The monopolist chooses a sequence of profit
shares {7 }$° , with corresponding sequence of pairs of bid and ask prices p(7;). To deter
entry the sequence {7t} must satisfy

Y Bimim > UZ, (25)

the profits of the monopolist under this strategy are
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ul =Y pim. (26)

Hence the profit-maximizing strategy for the monopolist is to choose among the se-
quences that satisfy the deterrence condition 25 the one that maximizes 26. Given that
m? — 1 and is strictly increasing there is a unique profit maximizing sequence {7}
where the monopolist "frontloads" by extracting the highest profits in the early periods
as the entrant is relatively constrained by m? being smaller than in later periods from tak-
ing advantage of these higher margins. These profits are strictly higher than the profits
from the strategy to commit to constant prices (7/(1 — B)) and therefore the previous

arguments also apply in this case. u
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