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Abstract

We propose a test on the causal effect in fuzzy regression discontinuity designs, where

treatment assignment is allowed to depend on more than one forcing variable. The con-

ventional t-test is not adequate for this purpose, due to its potential size distortion caused

by non-substantial discontinuity in the probability of receiving treatment. The robust t-

test of Feir et al. (2016) is also infeasible, since it is restricted to the one forcing variable

setup. Unlike the conventional t-test, our test does not rely on the magnitude of dis-

continuity in receiving treatment, so it remains size-correct when this magnitude is not

substantial. Different from the robust t-test, our regression-based test procedure remains

easy to implement under multiple forcing variables. For illustration, we use the proposed

test to study whether the awareness of hypertension decreases fat intake.
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1 Introduction

Regression Discontinuity (RD) identifies causal effects by exploiting the discontinuity in treat-

ment assignment. Since the late 1990s, it has become a standard tool of economists. An

introduction to the vast RD literature can be found in the survey article of Lee and Lemieux

(2010), while empirical RD examples include, e.g., Angrist and Lavy (1999), Black (1999), Van

Der Klaauw (2002), Lee (2008), Gagliarducci and Paserman (2012), Eggleston et al. (2016).

This paper is motivated by two recent advances in the RD literature. First, most existing

RD studies concern the scalar case where a single forcing variable determines whether treatment

is assigned, while more recently, there are also numerous RD examples with multiple forcing

variables. See, e.g., Papay et al. (2011), Cohodes and Goodman (2014), Snider and Williams

(2015), Egger and Wamser (2015). Second, Feir et al. (2016) point out that a large proportion

of existing RD studies suffer a weak identification problem. Specifically, if discontinuity in the

probability of receiving treatment is not sufficiently large in the so-called fuzzy RD designs,

then inference on the causal effect by the conventional t-test is no longer reliable.

We consider the two advances above simultaneously. That is, the fuzzy RD design studied

in this paper allows for d forcing variables with d ≥ 1, so it covers the existing scalar RD designs

as well as the emerging multi-dimensional ones; in addition, we allow the discontinuity in the

probability of receiving treatment to be potentially small (weak), so the weak identification

problem studied in Feir et al. (2016) is accounted for. Our objective is to develop an inference

method for the causal effect in the fuzzy RD design, which is potentially associated with multiple

forcing variables and non-substantial magnitude of discontinuity.

Feir et al. (2016) have provided a robust inference method for fuzzy RD. Their approach

is to modify the standard error of the fuzzy RD estimator for the causal effect, after taking

weak identification into account. Using the modified standard error to replace its conventional

counterpart, Feir et al. (2016) come up with a robust t-test. When weak identification exists,

they show the robust t-test has correct size, while the conventional t-test does not. As a result,

the robust t-test is preferred to the conventional one for statistical inference. The robust t-test
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in Feir et al. (2016), however, is restricted to the scalar RD setup with d = 1, i.e., treatment

assignment is determined by a single forcing variable.

We suggest a robust inference method in fuzzy RD with potentially multiple forcing vari-

ables, so d ≥ 1. Like Feir et al. (2016), our insight also comes from the sizeable weak iden-

tification literature (Anderson and Rubin 1949, Bound et al. 1995, Staiger and Stock 1997,

Kleibergen 2002, Moreira 2003). Unlike Feir et al. (2016), we do not rely on the fuzzy RD

estimator or its robust standard error for conducting causal inference. Instead, our suggested

method builds on a regression-based statistic suggested by Anderson and Rubin (1949).

Our approach utilizes an interesting coincidence, i.e., the fuzzy RD estimator can also

be viewed as a Two-Stage-Least-Squares (TSLS) estimator, which was discovered by Hahn

et al. (2001). Specifically, the binary variable of the treatment assignment rule serves as

the instrument for the endogenous variable that describes whether treatment is received, so

the TSLS model of fuzzy RD is just-identified. Under just-identification of TSLS, the weak

identification literature has suggested that the Anderson and Rubin (1949) test is size-correct

and does not suffer power loss. Combining all these inputs, it is thus natural to adopt the

Anderson and Rubin (1949) test in fuzzy RD designs. In addition, since this test procedure is

regression-based, it is easy to implement in practice. When there are multiple forcing variables

instead of a scalar forcing variable, the only needed change for the test procedure is to include

multiple covariates in linear regression analysis. Consequently, there is no burden of extending

robust inference from the scalar RD to the multi-dimensional case, if the proposed approach in

this paper is adopted.

We conduct simulation experiments to compare the conventional t-test, the robust t-test

of Feir et al. (2016) and the proposed Anderson and Rubin (AR) test. As expected, we

find the evidence that the proposed AR test performs well in size and power. By contrast,

the conventional t-test exhibits size distortion, when the magnitude of discontinuity in the

probability of receiving treatment is small. In addition, in the scalar RD simulation setup, we

find that the robust t-test and the AR test have similar power.
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For illustrative purposes, we use the proposed test to study the impact of hypertension

diagnosis on food demand. How the provision of health information affects human behavior

has already attracted sizeable attention, see, e.g., Chern et al. (1995), Roosen et al. (2009).

For hypertension, its diagnosis is commonly known to rely on two blood pressures: the sys-

tolic pressure and the diastolic pressure. When one of the two pressures is above its cutoff

(systolic : 140 mmHg, diastolic : 90 mmHg), hypertension is diagnosed. Consequently, hyper-

tension diagnosis can serve as a simple RD example with d = 2 forcing variables, namely, the

systolic and diastolic pressures. Since both doctors and patients might mess up the diagnosis,

misunderstanding of the hypertension status is not rare, especially for those around the cutoff

of blood pressures. As a result, we face a fuzzy RD design with multiple forcing variables, where

the discontinuity in hypertension diagnosis at the cutoff is possibly weak. Does this diagnosis

of hypertension change human behavior such as fat intake? This question has been studied in

the literature by adopting existing RD approaches (see, e.g., Zhao et al. 2013), while we revisit

the question by applying our robust approach.

The rest of the paper proceeds as follows. Section 2 starts with the description of the

inference problem in a fuzzy RD design with multiple forcing variables, and then proposes

a robust test as the solution. Section 3 provides simulation evidence for the proposed test.

Section 4 presents the empirical application. Section 5 concludes.

2 Fuzzy RD, TSLS and Anderson-Rubin Test

2.1 Basics of Fuzzy RD

The objective of Regression Discontinuity designs is to study the impact of a binary treatment

variable Wi on the outcome variable Yi. In accordance with the existing literature, let Y0i

denote the outcome of the i-th unit in the absence of treatment, while Y1i denotes the outcome

with treatment, so:

Yi = Y0i + τiWi (1)
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where τi ≡ Y1i − Y0i reflects the individual causal effect, i = 1, ..., n.

Suppose treatment assignment depends on a vector of d covariates (forcing variables), de-

noted by Xi. In particular, treatment is assigned when Xi lies in the treatment region denoted

by T, and likewise treatment is not assigned when Xi ∈ T
c, the compliment of T. Let Ti be

the binary variable for the treatment assignment rule, so:

Ti = 1(Xi ∈ T) (2)

A subtle point is that the actual treatment variable Wi does not necessarily coincide with Ti,

if there exists noncompliance with the treatment assignment rule. For instance, units that are

not in the treatment region may also receive treatment.

The treatment region in RD designs is commonly related to some cutoff point, denoted by x.

In scalar RD designs, it is typical that Ti = 1(Xi ≥ x). In multi-dimensional RD designs, the

cutoff point is not unique, and the set of cutoff points forms a boundary. For example, consider

hypertension diagnosis with Xi = (systolici, diastolici)
′, and treatment is assigned if either

systolici ≥ 140 mmHg or diastolici ≥ 90 mmHg. Points with either systolici = 140 mmHg

or diastolici = 90 mmHg thus serve as cutoff points, and they form a boundary in the 2-

dimensional space of Xi.

In addition, let Nǫ(x) denote the set of Xi that lies in the ǫ-neighborhood around a given

cutoff point x. So N+
ǫ (x) ≡ Nǫ(x)∩T contains the units in the treatment region around x, and

likewise N−

ǫ (x) ≡ Nǫ(x) ∩ T
c contains the units in the control region around x. The notation

here is adopted from Imbens and Zajonc (2011).

Assume the following limits exist:

W+(x) ≡ lim
ǫ→0

E[Wi|Xi ∈ N+
ǫ (x)], W−(x) ≡ lim

ǫ→0
E[Wi|Xi ∈ N−

ǫ (x)] (3)

Y +(x) ≡ lim
ǫ→0

E[Yi|Xi ∈ N+
ǫ (x)], Y −(x) ≡ lim

ǫ→0
E[Yi|Xi ∈ N−

ǫ (x)] (4)

with W+(x) 6= W−(x), i.e., the probability of receiving treatment is discontinuous at the
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cutoff point x, which is essential for RD designs. We do not impose other extra condition on

W+(x)−W−(x), so its magnitude is allowed to be small.

The common object of interest in RD designs reads

τRD(x) =
Y +(x)− Y −(x)

W+(x)−W−(x)
(5)

which is interpreted as the average treatment effect at x, i.e., τRD(x) = E(τi|Xi = x), if

regularity conditions are satisfied. See, e.g., Hahn et al. (2001). Since the cutoff point x is

unique in scalar RD designs, τRD(x) could also be written as τRD for ease of notation. In

multi-dimensional RD, however, x is not unique, so τRD(x) is used to avoid confusion. The set

of τRD(x) consequently reflects the treatment effect on the boundary of multi-dimensional RD

designs.

In the so-called sharp RD design, all units comply with the treatment assignment rule, so

W+(x) = 1, W−(x) = 0, and τRD(x) reduces to Y +(x)− Y −(x). More generally, if treatment

is received in a non-deterministic manner with 1 ≥ W+(x) > W−(x) ≥ 0, then we have the

fuzzy RD design, which nests the sharp RD as a special case.

Furthermore, it is common in existing RD studies to consider d = 1, i.e., treatment depends

on a single forcing variable. However, it is more flexible to allow d ≥ 1, since treatment

assignment could depend on multiple forcing variables.

In view of the above, we focus on the inference problem on τRD(x) in the fuzzy RD design

with d ≥ 1.

2.2 Local Linear Regression and TSLS

Although methods for estimating τRD(x) in (5) are not unique, Hahn et al. (2001) advocate

the use of local linear regression, which helps address the boundary problem that arises when

estimating Y +(x), Y −(x), W+(x) and W−(x) non-parametrically. The general discussion on

local linear regression is provided in Fan and Gijbels (1996), and Porter (2003) studies its
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attractive bias and rate properties. For the kernel function of local linear regression, we follow

Imbens and Lemieux (2008) to employ the uniform kernel, since using other types of kernels

merely makes differences.1

By adopting the multivariate local linear regression and the uniform kernel with bandwidth

denoted by h, Y +(x), Y −(x), W+(x) and W−(x) can be estimated as follows. Consider:

min
αy1

,βy1

∑

i:Xi∈N
+

h
(x)

[Yi − αy1 − (Xi − x)′βy1 ]
2 (6)

min
αy0

,βy0

∑

i:Xi∈N
−

h
(x)

[Yi − αy0 − (Xi − x)′βy0 ]
2 (7)

min
αw1

,βw1

∑

i:Xi∈N
+

h
(x)

[Wi − αw1
− (Xi − x)′βw1

]2 (8)

min
αw0

,βw0

∑

i:Xi∈N
−

h
(x)

[Wi − αw0
− (Xi − x)′βw0

]2 (9)

and α̂y1 , α̂y0, α̂w1
, α̂w0

resulting from these four minimization problems are the estimators of

Y +(x), Y −(x), W+(x) and W−(x), respectively.

Note that we use the same bandwidth h above for (6) - (9), following the suggestion of

Imbens and Lemieux (2008). In principle, however, different bandwidths could be adopted for

estimating Y +(x), Y −(x), W+(x) and W−(x). The optimal choice of h has been extensively

studied in the RD bandwidth literature. See, e.g., Imbens and Kalyanaraman (2012). We do

not contribute to this literature in this paper, and rely on it to suggest the value of h.

With the notation above, an estimator of τRD(x) thus reads:

τ̂RD(x) =
α̂y1 − α̂y0

α̂w1
− α̂w0

(10)

Interestingly, as pointed out by Hahn et al. (2001), τ̂RD(x) can be viewed as the commonly

1If different kernels cause substantially different RD findings, then such RD studies are unlikely to be reliable.
See Imbens and Lemieux (2008).
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used Two-Stage-Least-Squares estimator. Consider the auxiliary regression equation below:

Yi = R′

iβ + ǫi (11)

and let Si be the instruments for Ri with

Ri =




1

Wi

Ti · (Xi − x)

(1− Ti) · (Xi − x)




, Si =




1

Ti

Ti · (Xi − x)

(1− Ti) · (Xi − x)




(12)

The second element in the TSLS estimator of β, computed by using the sample within

bandwidth h of the cutoff point x, reads:

τ̂RD(x) = e′

2[R
′S(S′S)−1S′R]−1R′S(S′S)−1S′Y (13)

where e2 is a (2+2d)×1 vector of zeros with the second element equal to one, R = (R′

1, ...,R
′

nh
)′,

S = (S′

1, ...,S
′

nh
)′, Y = (Y ′

1 , ..., Y
′

nh
)′, nh denotes the total number of units that lie within

bandwidth h of the cutoff point x for the fuzzy RD design.

Although appearing unlikely, expressions of τ̂RD(x) in (10) and (13) are numerically equiv-

alent, see Imbens and Lemieux (2008), Imbens and Zajonc (2011). This coincidence implies

that the (conventional) standard error of τ̂RD(x) can be derived by the TSLS procedure. With

τ̂RD(x) and its standard error, the conventional t-test on the causal effect is thus applicable.2

If a kernel function other than the uniform kernel is adopted, then (6) - (9) need to be

adjusted to include such a kernel. Correspondingly, τ̂RD(x) in (13) will be re-written as the

weighted TSLS estimator, where the weight is determined by the adopted kernel. See Imbens

and Zajonc (2011). Throughout this paper, we use the uniform kernel for ease of exposition.

2The expression of this conventional standard error is documented in the literature, see, e.g., Imbens and
Lemieux (2008) for the scalar case.
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2.3 Weak Identification in Fuzzy RD

A well-established literature on TSLS concerns the weak identification issue. That is, if instru-

ments are only poorly correlated with endogenous variables, then the performance of the TSLS

procedure is unreliable. In particular, the size of the conventional t-test for TSLS is distorted.

See, e.g., Staiger and Stock (1997). Since the fuzzy RD estimator may also be viewed as a

TSLS estimator, a natural question arises: Does weak identification exist in fuzzy RD designs?

As found by Feir et al. (2016), the answer is Yes. Specifically, when the variable for

the treatment assignment rule (denoted by Ti above) is not strongly correlated with the actual

treatment variable (denoted by Wi above), then weak identification of the RD estimand τRD(x)

takes place. In other words, weak identification is likely to exist in fuzzy RD studies, if non-

compliance with treatment assignment is so severe that W+(x) −W−(x) is not substantially

different from zero, i.e., the discontinuity in receiving treatment is not clearly visible at the

cutoff. Astonishingly, Feir et al. (2016) find that a large number of existing fuzzy RD studies

seem to suffer the weak identification problem.3

To resolve this problem, Feir et al. (2016) provide a robust standard error for the fuzzy

RD estimator. The robust standard error takes the potential weak identification into account

while the conventional one does not. As a result, the t-test on the causal effect in fuzzy RD

studies is still applicable, if this robust standard error is employed. Feir et al. (2016) show that

such a robust t-test remains trustworthy, no matter whether weak identification exists, while

the conventional t-test is only valid under strong identification.

2.4 Anderson-Rubin Test with Multiple Forcing Variables

The robust standard error proposed by Feir et al. (2016), however, only concerns the d = 1

case. When treatment assignment is determined by more than one forcing variable so d > 1, a

robust approach in line with that in Feir et al. (2016) is similarly in demand. We thus propose

3Empirical fuzzy RD studies often present graphic evidence for the strong relationship ofWi and Zi. However,
the seemingly convincing graph is often not quantitatively sufficient to rule out weak identification.
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such a robust method in this paper, which is applicable under d ≥ 1.

Our insight comes from the well-established weak identification literature on TSLS. To

conduct inference in the TSLS model, various robust tests have been suggested in this literature,

including, e.g., Anderson and Rubin (1949), Kleibergen (2002), Moreira (2003). In particular,

the Anderson and Rubin (1949) test is known to be powerful, if the model is just identified.

Since the fuzzy RD estimator is a TSLS estimator with Ti as the instrumental variable for Wi in

(11), we encounter just-identification and consequently adopt the Anderson and Rubin (1949)

test.

To be specific, our interest lies in testing H0 : τRD(x) = τRD,0 against H1 : τRD(x) 6= τRD,0.

Under H0, we rewrite the auxiliary Equation (11) as follows:

Yi − τRD,0Wi = S′

iγ + ui (14)

The second element in γ (denoted by γ2 below) is the coefficient for Ti, which equals zero under

the null. Thus we can test whether γ2 equals zero for testing H0, after regressing Yi − τRD,0Wi

on Si. Such a test is known as the Anderson-Rubin test.

The ordinary least squares estimator of γ2 in (14) reads:

γ̂2 = e′

2(S
′S)−1S′ (Y − τRD,0W ) (15)

where W = (W ′

1, ...,W
′

nh
)′, and e2, S, Y are defined above. In addition, the least squares

estimator of the asymptotic variance of γ̂2 by White (1980) is written as:

V̂γ̂2 = e′

2

(
S′S

nh

)
−1
(

1

nh − 2d− 2

nh∑

i=1

û2
iSiS

′

i

)(
S′S

nh

)
−1

e2 (16)

where ûi is the regression residual of (14).

With the pieces above, our proposed test statistic is provided in the theorem below.

Theorem 1 For the fuzzy RD design described above, assume: (Yi,Wi,Xi), i = 1, ..., n, are
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i.i.d. with a regular joint distribution function; the RD bandwidth h = (h1, ..., hd)
′ satisfies

hj ∝ n−r, j = 1, ..., d, and r is chosen in the manner such that α̂y1, α̂y0, α̂w1
, α̂w0

are consistent

estimators as n → ∞. Under H0 : τRD(x) = τRD,0:

AR(τRD,0) = nh

γ̂2
2

V̂γ̂2

d
−→ χ2

1 (17)

Theorem 1 directly results from the asymptotic normal distribution of γ̂2, the ordinary

least squares estimator for Equation (14). The conditions imposed in the theorem are regular

conditions for RD designs, see Feir et al. (2016) for the related discussion. The magnitude of

h is commonly chosen to minimize the mean squared error of the fuzzy RD estimator: e.g.,

in the scalar case with d = 1, it is suggested that 1/5 < r < 1/3 in Feir et al. (2016); in

the two-dimensional case with d = 2, Imbens and Zajonc (2011) use r = 1/6 to compute the

optimal bandwidth. As n → ∞, the number of observations within the bandwidth h denoted

by nh also gets large, hence AR(τRD,0) asymptotically converges to the χ2 distribution with one

degree of freedom.

Given Theorem 1, the following test for H0 : τRD(x) = τRD,0 against H1 : τRD(x) 6= τRD,0

has the asymptotic size that equals α, 0 < α < 1: reject H0, if AR(τRD,0) exceeds the 1 − α

quantile of the χ2
1 distribution.

Remark 1: If the magnitude of h guarantees the consistency of α̂y1 , α̂y0 , α̂w1
and α̂w0

, then

γ2 in the auxiliary Equation (14) equals zero.

Remark 2: A subtle point here is that the Anderson-Rubin statistic in Theorem 1 does

not directly involve the fuzzy RD estimator τ̂RD(x). Consequently, the optimal choice of h

for the AR test need not coincide with the one that intends to minimize the mean squared

error of τ̂RD(x). It is practically convenient, however, to adopt the bandwidth suggested by

the existing literature when implementing the proposed AR test, since the use of the same

bandwidth facilitates the comparison of the AR test with the commonly used t-test.
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3 Simulation

In this section, we conduct simple simulation experiments to compare the conventional t-test,

the robust t-test of Feir et al. (2016) and our proposed AR test in fuzzy RD designs.

3.1 Fuzzy RD with d = 1

The data generation process (d.g.p.) considers a constant regression discontinuity effect:4

yi = τwi + uyi, i = 1, ..., n.

where yi is the observed outcome variable, wi is the treatment variable. Let xi be the scalar

forcing variable and the treatment wi is determined by:

wi = 1{uxi
≤ 0} × 1{xi < 0}+ 1{uxi

≤ c} × 1{xi ≥ 0}

In addition, the errors uxi
and uyi are jointly normal with the correlation coefficient ρ, and xi

also follows a normal distribution:




uyi

uxi


 ∼ N







0

0


 ,




1 ρ

ρ 1





 , xi ∼ N(0, σ2

x)

This RD design is fuzzy, since wi depends not only on whether the forcing variable xi exceeds

the cutoff 0, but also the value of uxi
. In particular, w+(0)−w−(0) = Φ(c)−Φ(0) by this d.g.p.,

where Φ(·) is the standard normal cumulative distribution function. Hence the value of c drives

the magnitude of the discontinuity of RD, and consequently the strength of identification. A

small value of c leads to non-substantial discontinuity, which consequently induces the weak

identification problem.

4To facilitate comparison, the d.g.p. is adopted from Feir et al. (2016), with only minor changes to make
the d.g.p. consistent with the discussion in Section 2.
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We consider the following values of c ∈ {10, 1, 0.1}, to vary the strength of identification. In

addition, we set τ = 0, σ2
x = 1, ρ ∈ {0.5, 0.99} in d.g.p.. When implementing the conventional

t-test, the robust t-test and the proposed AR test, we keep using the uniform kernel function;

in addition, we consider two different bandwidth h ∈ {0.5, 1} to check the sensitivity to the

choice of h. The sample size n equals 2000.

Table 1 presents the actual sizes of the three tests, based on 2000 Monte Carlo replications.

When c = 10 so identification is not very weak, all three tests appear to perform well, since

their actual sizes are close to the nominal 5% and 10%. As c decreases, the conventional t-test

exhibits severe size distortion; by contrast, actual sizes of the robust t-test and the proposed

AR test remain close to the nominal ones. These findings prevail, as the value of ρ and the

choice of bandwidth h vary. Overall, Table 1, consistent with Theorem 1, suggests that the AR

test is robust to the magnitude of discontinuity in fuzzy RD designs.

Figure 1 presents the power curves of the three tests: the conventional t-test (dashed), the

robust t-test (dotted) and the AR test (solid). We consider two scenarios: strong identification

with c = 10 and weak identification with c = 0.1. When identification is strong, all three tests

have similar power (almost perfectly overlapping in Panel (a) of Figure 1) and correct size. By

contrast, when identification is weak, the conventional t-test (dashed) suffers size distortion,

while the robust t-test (dotted) and AR test (solid) remain size-correct and have similar power

plots.

3.2 Fuzzy RD with d = 2

The d.g.p. used for the scalar RD design above can be modified for the multi-dimensional case

with d = 2.

Consider the 2 × 1 vector of forcing variables xi = (x1i, x2i)
′, and the treatment wi now

reads:

wi = 1{uxi
≤ 0} × 1{x1i < 0, x2i < 0}+ 1{uxi

≤ c} × 1{x1i ≥ 0 or x2i ≥ 0}
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Table 1: Sizes of t-test, robust t-test and AR test in RD with d = 1

Panel A: h = 0.5
at 5% at 10%

ρ c t robust t AR t robust t AR
0.5 10 0.044 0.048 0.057 0.105 0.108 0.115
0.5 1 0.035 0.041 0.044 0.069 0.091 0.093
0.5 0.1 0.010 0.048 0.056 0.022 0.100 0.106
0.99 10 0.044 0.047 0.052 0.087 0.092 0.099
0.99 1 0.044 0.042 0.047 0.074 0.088 0.094
0.99 0.1 0.116 0.056 0.057 0.172 0.110 0.112
Panel B: h = 1

at 5% at 10%
ρ c t robust t AR t robust t AR
0.5 10 0.036 0.040 0.045 0.080 0.082 0.102
0.5 1 0.039 0.045 0.056 0.079 0.096 0.108
0.5 0.1 0.005 0.037 0.056 0.021 0.091 0.109
0.99 10 0.040 0.040 0.050 0.089 0.089 0.106
0.99 1 0.037 0.038 0.044 0.073 0.073 0.086
0.99 0.1 0.122 0.053 0.067 0.165 0.105 0.117

Note: This table reports the rejection frequencies of H0 : τ = 0 by three different tests (t, robust t and AR) in

the scalar RD design, based on the average of 2000 Monte Carlo replications. The d.g.p. is described in the

main text. Two choices of the bandwidth h are used in test implementation, with h = 0.5 for Panel A, h = 1

for Panel B. The value of c reflects the magnitude of discontinuity and thus the identification strength in the

simulation. ρ ∈ {0.5, 0.99} is the correlation coefficient of the used error terms in d.g.p..

Figure 1: Power curves of t-test, robust t-test and AR test in RD with d = 1
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(a) Strong Identification with c = 10
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(b) Weak Identification with c = 0.1

Note: This figure compares the power plots of the conventional t-test (dashed), the robust t-test (dotted) and

the AR test (solid) at the nominal 10% for H0 : τ = 0 in the scalar RD design. The value of c reflects the

magnitude of discontinuity and thus the identification strength: c = 10 for strong identification in (a), and

c = 0.1 for weak identification in (b). The d.g.p. is described in the main text, with h = 0.5 and ρ = 0.5. The

number of replications is 10000.
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with 


x1i

x2i


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0

0


 ,




1 0.5

0.5 1







and the other settings of d.g.p. remain the same as in the scalar case above.

With the data generated from this d.g.p., we implement the proposed AR test, and present

its size by simulation in Table 2. Since the robust t-test of Feir et al. (2016) is not applicable

under d = 2, we compare the AR test with the conventional t-test only. In addition, we slightly

increase the bandwidth h ∈ {1, 2}, to further check the sensitivity of the simulation outcome

to the choice of bandwidth.

Table 2: Sizes of t-test and AR test in RD with d = 2

Panel A: h = 1
at 5% at 10%

ρ c t AR t AR
0.5 10 0.042 0.057 0.090 0.101
0.5 1 0.032 0.044 0.064 0.084
0.5 0.1 0.009 0.051 0.023 0.103
0.99 10 0.054 0.051 0.093 0.105
0.99 1 0.053 0.049 0.082 0.094
0.99 0.1 0.125 0.050 0.171 0.103
Panel B: h = 2

at 5% at 10%
ρ c t AR t AR
0.5 10 0.038 0.043 0.089 0.098
0.5 1 0.037 0.043 0.083 0.098
0.5 0.1 0.011 0.055 0.026 0.112
0.99 10 0.051 0.051 0.098 0.101
0.99 1 0.056 0.059 0.097 0.105
0.99 0.1 0.117 0.049 0.161 0.092

Note: This table reports the rejection frequencies of H0 : τ = 0 by two different tests (t and AR) in the

multi-dimensional RD design, based on the average of 2000 Monte Carlo replications. The d.g.p. is described

in the main text. Two choices of the bandwidth h are used in test implementation, with h = 1 for Panel A,

h = 2 for Panel B. The value of c reflects the magnitude of discontinuity and thus the identification strength

in the simulation. ρ ∈ {0.5, 0.99} is the correlation coefficient of the used error terms in d.g.p..
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Similar to Table 1, Table 2 shows that (i) when identification is not very weak, both the

conventional t-test and AR test have actual sizes close to the nominal 5% and 10%; (ii) when

identification gets weak as c decreases, the conventional t-test is not size-correct while the AR

test remains trustworthy. Furthermore, similar to Figure 1, Figure 2 presents the power curve

of the AR test under strong and weak identification with d = 2. Like the scalar case in Figure 1,

Figure 2 suggests the proposed AR test performs well in size and power in the multi-dimensional

case.

Figure 2: Power curves of t-test and AR test in RD with d = 2
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(a) Strong Identification with c = 10
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(b) Weak Identification with c = 0.1

Note: This figure compares the power plots of the conventional t-test (dashed) and the AR test (solid) at the

nominal 10% for H0 : τ = 0 in the multi-dimensional RD design. The value of c reflects the magnitude of

discontinuity and thus the identification strength: c = 10 for strong identification in (a), and c = 0.1 for weak

identification in (b). The d.g.p. is described in the main text, with h = 2 and ρ = 0.5. The number of

replications is 10000.

To summarize, the simulation findings in Tables 1 - 2 and Figures 1 - 2 are consistent with

our discussion in Section 2.

4 Application

In this section, we use hypertension diagnosis as an example for illustration.
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4.1 RD Design of Hypertension

Hypertension is one of the most critical risk factors of major chronic diseases, and it affects

approximately one third of the world’s population (World Health Statistics 2012). According

to the American Heart Association, an individual is considered to have hypertension if his/her

systolic blood pressure is equal to or above 140 mmHg, and/or if the diastolic blood pressure

is equal to or above 90 mmHg.

Figure 3: Graphic illustration of hypertension diagnosis
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IV

140 (systolic), 90 (diastolic)

Graphically, individuals in the quadrants I, II and IV of Figure 3 are diagnosed with hyper-

tension, while individuals in III are not. The boundary of III thus serves as the boundary of the

regression discontinuity design of hypertension with d = 2 forcing variables, the systolic and

diastolic blood pressures. The treatment region includes I, II and IV (as well as the boundary),

while the control region is III.

Once individuals are diagnosed with hypertension, will they subsequently change their

health behavior, such as food demand? This question has been studied in the literature:

for example, Zhao et al. (2013) find that the provision of hypertension information substan-

tially decreases fat intake (−7.7 g per day). The regression discontinuity analysis in Zhao et

al. (2013), however, uses only the systolic blood pressure as the forcing variable for RD. In

particular, Zhao et al. (2013) consider a sharp scalar RD design of hypertension diagnosis, i.e.,
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an individual whose systolic blood pressure is equal to or greater than 140 mmHg is considered

in the treatment group. In Figure 3, Zhao et al. (2013) thus consider I, IV as the treatment

region, and II, III as the control region.

We revisit the question studied in Zhao et al. (2013) by adopting a RD design with two

forcing variables, to be consistent with the common practice of hypertension diagnosis. To

be specific, Xi = (X1i,X2i)
′ = (systolici, diastolici)

′, and the treatment assignment rule is

Ti = 1(systolici ≥ 140 mmHg or diastolici ≥ 90 mmHg).

Due to the noise in medical practice, not all individuals in the treatment region are aware

that they are diagnosed with hypertension; similarly, there are also individuals who have blood

pressures below the cutoff point, but mistakenly think they are diagnosed with hypertension.

Johnston et al. (2009) show the gap between subjective and objective measures of health is

large, and false reporting is prevalent for low-income groups. In the RD design of hypertension,

consequently, the treatment variable Wi for the awareness of hypertension does not coincide

with Ti. For the reasons above, we face a fuzzy RD design with d = 2 forcing variables, and

the targeted outcome variable Yi is fat intake.

4.2 Data

The dataset of (Yi,Wi,Xi) is from the China Health and Nutrition Survey (CHNS, 1997,

2000 and 2004), which is also used in Zhao et. al. (2013).5 The description of the survey

and the data can be found in Zhao et. al. (2013) as well as the survey website.6 We use

the self-reported hypertension status as the treatment variable, the same-period fat intake as

the outcome variable, and the one-period lagged systolic pressure and diastolic pressure as two

forcing variables. In total, 14,154 observations are used in our empirical analysis. The summary

statistics are provided in Table 3.

5We thank the authors for providing the codes for cleaning the data and replicating their results.
6http : //www.cpc.unc.edu/projects/china.
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Table 3: Summary statistics

Variable Mean SD Median Min Max
Yi : fat intake 7.26 5.30 6.58 0.08 340.16

Wi : awareness of hypertension 0.10 0.30 0 0 1
X1i : systolic blood pressure 121.28 17.72 120 74.67 200
X2i : diastolic blood pressure 78.37 10.93 79.33 40.33 125

Note: fat intake, g per day; awareness of hypertension, 1 (Yes) or 0 (No); systolic and diastolic blood

pressures, mmHg.

To provide a graphic overview, we plot the data of forcing variables in Figure 4 below. The

left Panel (a) of Figure 4 plots the systolic and diastolic pressures of those who report they

have hypertension (Wi = 1), while the right Panel (b) are for those who think they do not

have it (Wi = 0). Both (a) and (b) in Figure 4 show that the RD design is fuzzy, because

noncompliance with the treatment assignment rule commonly exists. The comparison of (a)

and (b) also indicates that W+(x) −W−(x) is non-zero but likely small, because individuals

in the control region appear slightly less likely to report the self-awareness of hypertension,

compared to those in the treatment region.

Figure 4: Forcing variables in treatment and control groups
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(b) Control Group

Note: This figure plots the systolic and diastolic blood pressures of the individuals used in RD analysis. Panel

(a) uses the individuals whose self-reported hypertension status is 1 (Yes); Panel (b) uses the individuals

whose self-reported hypertension status is 0 (No). The boundary of hypertension diagnosis is also plotted.
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The outcome variable for fat intake is plotted in Figure 5, given the corresponding systolic

and diastolic blood pressures. It is not clearly visible from Figure 5 whether there is a sudden

decrease in fat intake near the boundary of hypertension (systolic : 140 mmHg, diastolic :

90 mmHg). If provision of the hypertension information does cause fat intake to substantially

fall, then we expect to see such a sudden decrease. Unlike in scalar RD designs, however,

eyeballing jumps in multi-dimensional RD is known to be difficult. We thus turn to the proposed

AR test to investigate the impact of hypertension awareness on fat intake.

Figure 5: Fat intake by systolic and diastolic blood pressures
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Note: This figure plots the amount of fat intake (g per day) of the individuals used in RD analysis, given their

systolic and diastolic blood pressures (mmHg).

4.3 Findings by AR

For each point denoted by x on the boundary of hypertension diagnosis, we can conduct the

AR test described in Section 2 for H0 : τRD(x) = τRD,0. Values of τRD,0 that are not rejected

by the AR test thus constitute a confidence interval of τRD(x).
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We note that in Table 3, fat intake lies between 0.08 and 340.16, which provides the guid-

ance of the possible value of τRD,0, the change in fat intake as a result of hypertension di-

agnosis. When implementing the AR test in the empirical application, we can thus consider

[−340.16, 340.16] as the possible range of τRD,0. The outcome of our application is presented

in Figure 6.

Figure 6: Treatment effects on the boundary of hypertension
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(a) Systolic=140 mmHg
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(b) Diastolic=90 mmHg

Note: This figure plots the estimated treatment effects (dotted) and the associated 95% confidence intervals

by the conventional t-test (dashed) and the proposed AR test (solid), for points on the boundary of the fuzzy

RD design of hypertension diagnosis. The uniform kernel is adopted, and the bandwidth is selected using the

method in Imbens and Zajonc (2011), with h = (22.98, 14.14)′. The outcome variable is fat intake.

The left Panel (a) of Figure 6 presents the estimated treatment effects on fat intake at the

points with systolici = 140 and diastolici ∈ [85, 95], while the right Panel (b) is for points

with diastolici = 90 and systolici ∈ [135, 145]. All of these points lie on the boundary of

hypertension, and they are adopted in our application because the number of observations

lying close to these points is large, which facilitates empirical analysis. Given a point x on

the boundary, we compute the conditional treatment effect τ̂RD(x) (dotted), as well as the

associated 95% confidence intervals by the conventional t-test (dashed) and the proposed AR

test (solid), both are discussed in Section 2. The robust t-test of Feir et al. (2016) is not
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adopted, since our application involves two forcing variables.

Figure 6 shows that confidence intervals by t and AR largely overlap but do not coincide.

There are also points on the boundary for which confidence intervals by the AR test substan-

tially differ from those by the conventional t-test. This difference signals that the identification

strength is not sufficiently strong. In addition, since both confidence intervals cover zero, we

can not reject that the treatment effect is zero, i.e., fat intake does not necessarily change, if

the information of hypertension is received. Furthermore, since confidence intervals in Panel

(a) of Figure 6 contain -7.7, the point estimate of the causal effect of hypertension defined by

the systolic pressure in Zhao et al. (2013), we do not reject fat intake decreases by this amount

either.

5 Conclusions

The fuzzy regression discontinuity estimator could also be viewed as an instrumental variable

estimator, so the Anderson-Rubin test from the instrumental variable literature is applicable to

regression discontinuity. This test is particularly appealing, when fuzzy regression discontinuity

designs are associated with multiple forcing variables and/or non-substantial magnitude of dis-

continuity in the probability of receiving treatment. The regression-based test is also attractive

from the practical point of view, since it is easy to implement. By applying the test to study

the impact of hypertension on fat intake, we can not reject that fat intake remains unaffected

by hypertension awareness, and we can not reject fat intake decreases by the amount reported

in Zhao et al. (2013) either.

The Anderson-Rubin test procedure we describe in this paper does have limitations. First,

we do not discuss the choice of bandwidth, but rely on the existing literature to suggest its

value. Second, if the bandwidth or kernel used for each of the four components of the fuzzy

regression discontinuity estimator varies (which is in principle feasible), then the coincidence of

the regression discontinuity estimator with the instrumental variable estimator breaks down;
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consequently, our proposed test is no longer applicable. Nevertheless, with these limitations,

the proposed test still helps resolve the inference on causal effects, as shown by our simulation

as well as the empirical application in this paper. We leave the limitations for future research.
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